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Abstract 

We study the asymptotics of large, moderate and normal deviations for the connected com- 
ponents of the sparse random graph by the method of stochastic processes. We obtain the 
logarithmic asymptotics of large deviations of the joint distribution of the number of connected 
components, of the sizes of the giant components, and of the numbers of the excess edges of the 
giant components. For the supercritical case, we obtain the asymptotics of normal deviations 
and the logarithmic asymptotics of large and moderate deviations of the joint distribution of the 
number of components, of the size of the largest component, and of the number of the excess 
edges of the largest component. For the critical case, we obtain the logarithmic asymptotics 
of moderate deviations of the joint distribution of the sizes of connected components and of 
the numbers of the excess edges. Some related asymptotics are also established. The proofs 
of the large and moderate deviation asymptotics employ methods of idempotent probability 
theory. As a byproduct of the results, we provide some additional insight into the nature of 
phase transitions in sparse random graphs. 



1 Introduction 

The random graph Q(n,p) is defined as a non-directed graph on n vertices where every two vertices 
are independently connected by an edge with probability p. The graph is said to be sparse if p = c/n 
for c > and n large. Properties of sparse random graphs have been studied at length and major 
developments have been summarised in the recent monographs by Bollobas (2001), Janson, Luczak 
and Ruciriski (2000), and Kolchin (1999). The focus of this paper is on the asymptotics as n — > oo 
of the sizes of the giant connected components, i.e., components of order n in size, of Q(n,c n /n), 
where c n — > c > 0. It is known that for c > 1 with probability tending to 1 as n — * oo there 
exists a unique giant component of Q(n,c/n), which is asymptotically (3n in size, where (5 £ (0, 1) 
is the positive root to the equation 1 — (3 = exp(— /3c), the rest of the components being of sizes 
not greater than of order logn. For c < 1 with probability tending to 1 there are no connected 
components of sizes greater than of order logn, while for c = 1 the size of the largest component is 
of order n 2 / 3 . Our primary objective is to evaluate the probabilities that there exist several giant 
connected components. As to be expected, these probabilities are exponentially small in n, so we 
study the decay rates and state our results in the form of the large deviation principle (LDP). In 
addition, influenced by the papers of Stepanov (1970b) and Aldous (1997), we concern ourselves 
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with the large deviation asymptotics of the number of the connected components and of the numbers 
of the excess edges of the connected components. Thus, the main result is an LDP for the joint 
distribution of the normalised number of the connected components of G(n, c n /n), of the normalised 
sizes of the connected components, and of the normalised numbers of the excess edges. Projecting 
yields LDPs for the sizes and for the number of the connected components. Stepanov (1970b) 
and later Bollobas, Grimmett, and Janson (1996), analysing a more general setting, have obtained 
the logarithmic asymptotics of the moment generating function of the number of the connected 
components of Q(n,c/n). If c < 2, the latter asymptotics also yield the LDP for the number of 
components, as Bollobas, Grimmett, and Janson (1996) demonstrate, but not for arbitrary c > 0. 
This anomaly is caused by a phase transition occurring at c = 2 discovered by Stepanov (1970b), 
which results, as we show, in the action functional becoming non-convex as c passes through the 
value of 2. Moreover, the phase transition turns out to consist in a giant component breaking up. 

Another group of results presented in the paper has to do with the properties of the largest 
connected component. We establish normal deviation, moderate deviation, and large deviation 
asymptotics for the joint distribution of the size of the largest connected component, of the number 
of its excess edges, and of the number of the connected components. In related work, O'Connell 
(1998) proves an LDP for the size of the largest connected component of Q(n,c/n) and Stepanov 
(1970a; 1972) obtains central limit theorems for the size of the largest component and the number 
of components; different proofs of the central limit theorem for the size of the largest component 
are given in Pittel (1990) and Barraez, Boucheron, and Fernandez de la Vega (2000), the latter 
authors also provide estimates of the rate of convergence. Our third group of results concerns the 
critical random graph when c = 1. We complement the result of Aldous (1997) on the convergence 
in distribution of the suitably normalised sizes and numbers of the excess edges of the connected 
components with moderate deviation asymptotics for these random variables. 

Our analysis employs a surprising (to us) connection to queueing theory. The results outlined 
above are derived as consequences of the asymptotic properties of a "master" stochastic process, 
which captures the partitioning of the random graph into connected components and builds on 
an earlier construction of a similar sort, cf., Janson, Luczak and Rucihski (2000). This stochastic 
process is intimately related to the waiting-time process (or the queue-length process) in a certain 
time- and state-dependent queueing system and the connected components correspond to the busy 
cycles of the system. We capitalise on this connection by invoking our intuition for the behaviour of 
queues as well as some standard queueing theory tools such as properties of the Skorohod reflection 
mapping. Thus, at first we apply the methods of the asymptotic theory of stochastic processes, 
namely, the methods of weak and large deviation convergence, in order to establish asymptotics of 
the master process and then translate them into the properties of the connected components of the 
random graph. In the context of the random graph theory, the present paper can thus be considered 
as developing the approach pioneered by Aldous (1997) of deriving asymptotic properties of random 
graphs as consequences of asymptotics of associated stochastic processes. On the technical side, 
we extensively use the observation also made by Aldous (1997) that the connected components can 
be identified with the excursions of a certain stochastic process. Yet, the specific construction in 
this paper is different from the one of Aldous (1997). It is actually much the same as the one of 
Barraez, Boucheron, and Fernandez de la Vega (2000), as we have learnt after the paper had been 
submitted, except for an important distinction, which we discuss below. 

There are also other interesting technical aspects of the proofs, which concern all three types of 
asymptotics: large deviations, moderate deviations and normal deviations. The proof of the LDP 
for the master process relies on the results of the large deviation theory of semimartingales, Puhalskii 
(2001), which seem to be called for since the action functional is "non-Markovian" and "non- 
time homogeneous" . The cumulant that characterises the action functional is not non-degenerate, 
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which is known to present certain difficulties for establishing the LDP. In the standard approach 
the problem reveals itself when the large deviation lower bound is proved and is usually tackled 
via a perturbation argument: an extra term is added to the process under study so that the 
perturbed process has a non-degenerate cumulant and then a limit is taken in the lower bound 
for the perturbed process as the perturbation term tends to zero, cf., Liptser (1996), de Acosta 
(2000), Liptser, Spokoiny and Veretennikov (2002). Our approach to proving the LDP replaces 
establishing the upper and lower bounds with the requirement that the limiting maxingale problem 
have a unique solution. The degeneracy of the cumulant presents a problem here too. We cope 
with it via a perturbation argument as well the important difference being that the perturbation 
is applied to the limit idempotent process that specifies the maxingale problem rather than to 
the pre-limiting stochastic processes. This change of the object has important methodological 
advantages. Firstly, the proof of the LDP is simplified as compared with the case where the 
perturbation is introduced at the pre-limiting stage. Secondly, once the perturbation argument 
has been carried out for a given cumulant, one can use it to prove LDPs for a range of stochastic 
processes that produce the same cumulant in the limit. We expand on these ideas in Puhalskii 
(2004). The actual implementation of the perturbation approach for the setting in the paper relies 
on the techniques of idempotent probability theory, Puhalskii (2001), and also draws on time- 
change arguments in Ethier and Kurtz (1986, Chapter 6), thus applying probabilistic ideas to an 
idempotent probability setting. Idempotent probability theory techniques are also instrumental 
in the proofs of the moderate-deviation asymptotics. These proofs are modelled on the preceding 
proofs of the normal-deviation asymptotics and to a large degree replicate them by replacing limit 
stochastic processes with their idempotent counterparts. 

An interesting feature of the proof of the normal deviation asymptotics for the largest component 
is that it provides an instance of convergence in distribution of stochastic processes "with unmatched 
jumps in the limit process", Whitt (2002), i.e., though the jumps of the pre-limiting processes 
vanish, the limit process is discontinuous, moreover, it is not right-continuous with left-hand limits. 
We thus do not have convergence in distribution in the Skorohod topology and have to use some ad- 
hoc techniques to obtain the needed conclusions. As it is explained in Whitt (2002), convergence 
with unmatched jumps often occurs in the study of diffusion approximation of time dependent 
queues, so it is not surprising (but is amusing) to see it here. Incidentally, we are faced with a 
similar situation in the proof of the moderate-deviation asymptotics when no LDP for the Skorohod 
topology is available and the corresponding limit theorem can be viewed as an example of large 
deviation convergence in distribution of stochastic processes with unmatched jumps in the limit 
idempotent process. 

We now outline the structure of the paper. In Section [2] we define the underlying stochastic 
processes, derive queue-like equations for them, state the results on the properties of the connected 
components, and comment on them. Section |31 contains technical preliminaries. Section 0] is con- 
cerned with proving the LDP for the basic processes. In Section [5] the LDPs for the connected 
components are proved. Section H3 contains proofs of the normal and moderate deviation asymp- 
totics for the largest component. Section0considers critical random graphs. The appendix provides 
an overview of the notions and facts of idempotent probability theory invoked in the proofs. 

2 The model equations and main results 

We model the formation of the sparse random graph on n vertices with edge probability p n = c n /n 
via stochastic processes V n = (V™, i = 0, 1, . . . , n) and E n = (£7", i = 0, 1, . . . , n). At time the 
processes are at 0. At time 1 an arbitrary vertex of the graph is picked and is connected by edges to 
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the other vertices independently with probability p n . We say that this vertex has been first generated 
and then saturated. The vertices, to which it has been connected, are called generated. The value of 
V™ is defined as the number of vertices in the resulting connected component, i.e., the number of the 
generated vertices at time 1; E™ = 0. At time 2 we pick one of the generated non-saturated vertices 
if any and saturate it by connecting it independently with probability p n to the vertices that either 
have not been generated yet or have been generated but not saturated. If there are no generated 
non-saturated vertices, we pick an arbitrary non- generated vertex, declare it generated and saturate 
it by attempting to connect it to the non-generated vertices, thus generating those of these vertices 
connection to which is established. We denote as KJ 1 the total number of vertices generated at times 

1 and 2 and we denote as £72? the number of edges connecting the vertex that was saturated at time 

2 with the other vertices generated at time 1 if any. We proceed in this fashion by saturating one 
vertex per unit of time until time n. Thus, at time i a generated non-saturated vertex is picked 
and is connected by edges with probability p n to the non-saturated vertices, both generated and 
not yet generated; if there are no generated non-saturated vertices available, then an arbitrary non- 
generated vertex is chosen, is declared generated and is then saturated. The increment V/ 1 — V£_ 1 is 
defined as the number of vertices generated at i, the increment E™ — Ef_ t is defined as the number 
of edges drawn at i between the vertex being saturated and the vertices generated by i. Thus, 
V™ — V i n _ 1 equals either the number of new vertices joined to a connected component at time i 
if Vlti > i — 1 or it is the number of vertices that start a new component at i if V^_\ = i — 1. 
Accordingly, the increment Ef — Ef_ 1 either equals the number of excess edges in a connected 
component appeared at time i, i.e., the edges in excess of those that are necessary to maintain 
connectedness, or Ef — Ef_ 1 = 0. Since during this process every two vertices independently 
attempt connection with probability p n exactly once, the resulting configuration of edges at time 
n has the same distribution as the one in the random graph Q(n,p n ). In fact, the sizes of the 
connected components of Q{n,p ri ) can be recovered from the process V n as time-spans between 
successive moments when VJ n is equal to i. The numbers of the excess edges in the connected 
components are equal to the increments of the process E n over such time periods. In addition, 
the number of times when V™ is equal to i £ {1,2, . . . ,n} equals the number of the connected 
components of Q{n,p n ). We now turn this description into equations. 

Since at time i there are V™ generated vertices, the evolution of V n is given by the following 
recursion 



3=1 3=1 

i = l,2,...,n, l/ " = 0, (2.1) 



where the % £ N, j £ N, n £ N, are mutually independent Bernoulli random variables with 
P(£§ = 1) = p n and l(r) is the indicator function of an event T that equals 1 on T and outside 
of T. Let Qf denote the number of non-saturated generated vertices at time i. Since Q" = V™ — i, 
(|2.1|) implies that 



n-i 

Qf = (Qti + E €5 - ^(Qti > o) + E^ ^Qtx = o), 

3=1 3=1 

i = l,2,...,n,Q& = 0. (2.2) 
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The evolution of the process E n is governed by the recursion 

E? = EU+ E CS»i = l,2,...,n,^ = 0, (2.3) 

3=1 

where the i G N, j G N, n G N, are mutually independent Bernoulli random variables with 
P(Cj = = Pni which are independent of the and sums are assumed to be equal to if the 
upper summation index is less than the lower one. 

We use for the analysis of (|2.2j) the following insight. Let us introduce a related process Q' n = 
(Q7, i = 0,1, •••,»») by 

n—Q i _ 1 -i 

Q7=(Q'?-i+ E ^-l) + ,< = l,2,...,n,0^ = 0, (2.4) 

3=1 

where a + = max(a, 0). We note that Q' i is the waiting time of the i-th. request, where i = 
0, 1, . . . , n— 1, in the queueing system that starts empty, has YTj=i i £1+1 j as ^ e ^~th request's 

service time and 1 as the interarrival times. (Alternatively, Q\ can be considered as the queue 
length at time i for the discrete-time queueing system that serves one request per unit time, the 

number of arrivals in [i, i + 1] being equal to Y^j=i ' £1+1 j-) ^ * s seen ^h-&t Q'i = (Q? ~ l) + > 

so the asymptotic properties of the process Q n = (Qf, i = 0, 1, . . . , n) multiplied by a vanishing 
constant are the same as those of the process Q' n = (Q'f, i = 0, 1, . . . , n). In addition, connected 
components of the random graph correspond to busy cycles of this queueing system, i.e., the 
excursions of Q' n . Thus, a possible way to study the random graph is through the process Q' n . 
This approach is, in effect, pursued by Barraez, Boucheron, and Fernandez de la Vega (2000) who 
study what in our notation is the process (Q'f + 1, i = 0, 1, . . . , n). It is, however, inconvenient for 
our purposes because Q'f = not only when Qf = but also when Qf = 1, so the queueing system 
may have more busy cycles than there are connected components. For this reason, we choose to 
work with Q n directly. Yet, the queueing theory connection serves us as a guide. Let us recall that 
the solution of (|2.4|) is given by Q' n = lZ(S n ), where the process S n = (Sf, i = 0, 1, . . . , n) with 

n—Q' n ~k 

Sq=Q'is defined by Sf = Ylk=i ^2j=i ~ £fcj ~ anc ^ ^ * s * ne Skorohod reflection operator: 
7£(x)i = x t — inf sg [ t ]X s A for x = (x t , t G M+), where A denotes the minimum. We find it 
productive to express Q n as a reflection too. The idea is to sacrifice the Markovian character of 
recursion (|2.2|) for the nice properties of the reflection mapping. 
A manipulation of (|2.2|) yields the following equality: 

Qf = S? + ef + $f,i = 0,l,...,n, (2.5) 

where 

i »-Qfc_i-(*-i) 

5 r = E( E ( 2 - 6 ) 

i 

ef = l{Qf > 0) - E #,n-ft+l l(Qfc-l = 0). ( 2 - 7 ) 
k=i 

$« = El(Qfc = 0). (2.8) 

k=l 
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For the sequel it is useful to note that <I>™ equals the number of the connected components of 
Q(n,p n ). _ 

Denoting as [^J the integer part of x G R + , we introduce continuous-time processes Q = 
(Q?, t g [0,1]), S n = (S?, t g [0,1]), r = t G [0,1]), and E" = (E?, t G [0,1]) by the 

I j J i j f ■■■■■■ 

respective equalities Q t = Q^/n, S t = S^ nt} /n, $ t = $j* ntJ /n, and E t = E^/n. By JXEJ) 

= J 'l((5" = 0)(i<I>™, so, by ([2.5)1 the pair (Q n ,^ n ) solves the Skorohod problem in R for 
S + e n , consequently, 

Q n =K(S n + e n ), (2.9) 

W 1 = T(S n + e n ), (2.10) 

where T(x) 4 = — inf sg r ot ] x s A for x = (x 4 , t G R + ) and I n = (e™, t G [0, 1]) is defined by 



n 
e [n*J 



n 

Equation ()2.3|) yields the representation 



(2.11) 



[nt\ ■ 



'■i-l 



-1 



£" = ^£ E C3,*e[0,i]. (2.12) 

71 i=l j=l 

Equations (|2.6() , (|2.9|) , (j2.10[) , and ()2.12[) play a central part in establishing the main results of the 
paper. In some more detail, the processes e™ prove to be inconsequential and may be disregarded 
(see Lemma l3.1|) . so ()2.6|) . (j2.12|) . and (|2.9|) enable us to obtain functional limit theorems for the 
processes (S ,E ), which on making another use of (|2.9j) and ([2.10ft yield the asymptotics of the 
connected components (we note that the latter step does not reduce to a mere application of the 
continuous mapping principle). Before embarking on this programme, we state and discuss the 
results. 

We will say that a sequence P n , n G N, of probability measures on the Borel cr-algebra of a 
metric space T (or a sequence of random elements X n , n G N, with values in T and distributions 
P n ) obeys the large deviation principle (LDP) for scale k n , where k n — > oo as n — > oo, with action 
functional / : T —* [0, oo] if the sets {u£T: I(v) < a} are compact for all a G R+, 

limsup — logP„(F) < — inf I(v) for all closed sets FcT 



and 



liminf — log P n (G) > — inf I(v) for all open sets GcT. 



Let for u G [0, 1], p G R + , and c> 

1 - e-f" 1 2 ' 



K P {u)=u\og^-^- P ^, (2.13) 



cv? 



L c (u) = (1 - u) log(l - u) + (c - log c)u - —, (2.14) 

where we adopt the conventions 0/0 = 1 and • oo = 0. We also denote a V b = max(a,6), 
ir(x) = xlogx — x + 1, x G R+, and assume that 7r(oo) • = oo. 
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Let S denote the subset of of sequences u = (ui,«2,--0 such that Yli=i u i < 00 • Given 
a convex function \ '■ ^+ ~* ^+ such that x(0) = 0, x( x ) > for x > 0, and x{ x )/ x —> as 
x — > 0, we endow § with an Orlicz space topology that is generated by a Luxembourg metric 
d x (u,u') = inf{6 G R+ : _ u 'i\/b) < 1}, where u = (m,U2,...) and u' = (u^, u' 2 , . . .) 

(cf., e.g., Krasnosel'skii and Rutickii (1961), Bennett and Sharpley (1988)). Let also Si denote the 
subspace of S of non-increasing sequences u = (ui,it2, . . .) with YliLi u i — 1- ^ i s endowed with 
induced topology which is equivalent to the product topology. 

Let (U™, U2, . . . , ) be the sequence of the sizes of the connected components of the random graph 
Q(n,c n /n) arranged in descending order appended with zeros to make it infinite, (i?",i?2; • • •) De 
the sequence of the corresponding numbers of the excess edges appended with zeros, and a n be 
the number of the connected components of Q(n, c n /n). We define U = (£/f /n, U 2 /n, . . .) and 
R n = (Kf/n, R^/n, . . .), and consider (a n /n, U" ', R n ) as a random element of [0, 1] x Si x S, which 
is assumed to be equipped with product topology. 

Theorem 2.1. Let c n — ► c > as n — > 00. Then the sequence (a n /n, U n , R n ), n G N, obeys 
the LDP in [0,1] x Si x S for scale n with action functional Lc ,U ' R defined for a G [0,1], u = 
(ui,u 2 , . . .) € Si, and r = (ri,r 2 , . . .) £ 8 by 



00 00 
/^(o,u,r)=V S up (X(^)+^log-) +L c ((l-2o) V VV) 



1=1 ^+ i=l 



c, 9W V* ^ ^(l-a-(l-2a)vE,=i^) 



v c(l-(l-2a)vE^i^) 2 

*/ S£i < 1 — a^d Lc ,U,R (a, u, r) = 00 otherwise. 

As a consequence, we obtain some marginal LDPs. 

Corollary 2.1. Lei c n — > c > as n — ► 00. T/ien i/te sequences (U n ,R n ),n G N, and 
(a n /n, f/ ), n G N, o6ey i/ie LDPs for scale n in the respective spaces Si x S and [0, 1] x Si with 
respective action functionals L^ )R and Lc' U defined for u = (u\,U2, . . .) G Si, r = (n,r2, . . .) G S, 
and a G [0, 1] by 

I^ R (u,r) = J2 ^p (^(O+nlog^) +L c ((l--) vVuj), 

and 

00 00 
^(a,u) =^K c ( Mj )+L c ((l - 2a) V J» 

2 l ^ V c fl-(l-2a)vy-~n ?; ) 2 / 



*/ Yli=i u i — 1 ~~ a > Ic ,U (a, u) = 00 otherwise. 



Corollary 2.2. Lei c n — > c > as n — > 00. T/ien i/te sequences a n /n, n G N, and IT™ /n, n G N, 
o&ey i/ie LDPs in the respective spaces [0, 1] and Si /or sca/e n wit/i i/ie respective action functionals 

i?(a)= mf fK c (r ) + L c (r ) + ^^,( 2(1 - a - T) ) N ) 
re[(i-2a)+,i-o]V 2 V c(l-r) 2 // 
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and 

OO -.OO 

% (u) =Y,Kc( Ui ) + L c ((l --)v£4 

i=i i=i 

The next corollary clarifies the structure of the most probable configurations of the giant com- 
ponents. Let, given 5 > 0, m G N, and itj £ (0,1], i = 1,2, ... ,m with X^I=i n « ^ 1) . . . , u m ) 
denote the event that there exist m connected components of Q(n, c n /n), whose respective sizes are 
between n(ui — 5) and re(uj + (5) for z = 1, 2, . . . , m. For e > 0, we define event Ag £ (ui, . . . , u m ) as 
follows. Let r* = cu?/(l — exp(— cuj)) — cuf/2— m. If^i=i n * — 1 — V c > thenij e («i, . . . ,« m ) equals 
the intersection of Ag(ui, . . . , ii m ), the event that the numbers of the excess edges of the m compo- 
nents are within the respective intervals (n(r* — e), n(r*+e)), and the event that any other connected 
component is of size less than ne. If YllLi u i < 1 — 1 /c, then A$ e (ui, . . . , u m ) equals the intersection 
of Ag(ui, . . . ,u m ), the event that there exists another connected component whose size is in the 
interval (n(u* — e),n(u* +e)), where u* /{l — exp(— cu*)) = 1 — YliLi u ii the event that the numbers 
of the excess edges of these m+1 components are within the respective intervals (n(r* — e), n(r*+e)) 
for i = 1, 2, . . . , m and (n(r* — e), n(r* + e)), where r* = cu* 2 /(l - exp(— ere*)) — cu* 2 /2 — u* , and 
the event that any other connected component is of size less than ne. 

Corollary 2.3. Let c n — > c > as n ^ co. Then 

lim limsup — \ogP(A^(ui, . . . , u m )) = lim liminf — logP(Ar (m, . . 

8^0 n^oo n ' <5^0 n->oo n 

= lim limsup — log ~P(AJi Jui, . . . , u m )) = lim liminf — log P ( A"l Au\ , . 

5^0 n-+oo n ' 5^0 n->oo n 

e->0 e^O 

m m 

i=i i=i 

and 

lim liminf P(i^ e (ui,...,u m )|^(ui,...,u m )) =1. 

Let (3 n denote the size of the largest connected component of Q(n,c n /n) and 7™ denote the 
number of its excess edges. We state results on the asymptotics of (a n /re, [3 n /n, 7™ /n) . 

Corollary 2.4. Let c n — > c > as re — > 00. T/ien i/ie following holds. 

1. The sequence (a n /n, f3 n /n, 7 n /re), n6H, o&eys the LDP in [0, l] 2 x R + for scale n with action 
functional defined by 

&>«(a, 0, 0) = L c ((l - 2a)+) + | (1 - (1 - 2a)+) 2 K^T^wP) ' 



• - ,«m)) 
• • ,%)) 



^• 7 (o,«,r) = sup f-fCp(u) +rlog^) - £T c (n) 



P6 

+ inf 

re[(l-2o)V«,l-o] 1 





T 




-It- 



K c (n) + K c (t - u[IJ) + L c (r) + |(1 - r) 2 vr( 



/2(l-a-r) 



c(l-r) 



if u & (0, 1 — a], and Lc ,l3 ~'{a,u,r) = 00 otherwise. 



8 



2. The sequence (/3 n /n, 7 n /n), n G N, ooeys i/te LDP in [0,1] x R + /or scale n with action 
functional /f' 7 defined by /f' 7 (0,0) = L c ((l - l/c)+), Lf' 7 (0,r) = oo if r > 0, 

if ' 7 (u, r) = sup fc(n) + r log + ( - ( 1 - -) - l) K c (u) + K c (u A u) 



+ L, 



(L:(-5) 



u + iiAu 



if u G (0, (1 — l/c) + ), where u G [0, 1] satisfies the equality uj (l — exp(— cu)) = 1 — |_(l 
l/c)/u\u, and by LT 7 (u,r) = sup pgM+ (^(it) +rlog(p/c)) + L c (u) z/it > (1 - l/c) + . 



5. T/ie sequence (3 n /n, n G N, o&eys £/ie LDP in [0,1] /or scale n with action functional I, 
defined as follows: if (0) = L c ((l — l/c) + ), 



if c (n) +K c («Au) + L C (^ i( 



- 1-- 



11 + iAu 



i/n G (0, (1 - l/c)+), and = LT c (u) + L c (u) if u > (1 - l/c)+. 

The next theorem considers normal deviations of (a n , /3 n , r y n ) . We recall that (3 G (0,1) is 
defined as the positive solution of the equation 1 — (3 = exp(— (3c) if c > 1. For c < 1 we define 
(3 = 0. Let also a = 1 - (3 - c(l - /3) 2 /2 and 7 = (c - 1)/? - c/3 2 /2. 

Theorem 2.2. Lei \fn(c n — c) — > G R as n — > oo ; w/iere c > 0. T/ien i/ie following holds. 

1. The sequence y/n(a n jn — a), n G N, converges in distribution in R as n — > 00 to a Gaussian 
random variable a with Ed = —0(1 - /3 2 )/2 and Vara = /3(1 — (3) + c(l - (3) 2 /2. 

2. If, in addition, c > 1, then the sequence (yjn(a n /n — a), \/n((3 n jn— (3), \fn{^ n /n— 7)), n G N, 
converges in distribution in R 3 as n — ► 00 to a Gaussian random variable (d, /3, 7) u>it/i 

= 0/3(1 - /3)/(l - c (l - /?)), E 7 = 9(3 2 /2, Var^ = /3(1 - (3)/(\ - c(l - /3)) 2 , Var7 = 
/3(l-/?) + c/3(3/3/2-l) ; Cov(d,/3) = -(3(1- (3)/ (l-c(l- (3)) , Cov(d,7) = -/3(l-/3)(c-l), 
and Cov (/3,7) = - /3)(c - l)/(l - c(l - 0)) . 

We now state a moderate deviation asymptotics result for (a n , /3 n , 7™). We assume as given a 
real-valued sequence b n , n G N, such that o ra — > 00 and b n /y/n — > as n — > 00. Let y T denote the 
transpose of n G R 3 . 

Theorem 2.3. Lei (\fn/b n )(c n — c) — ► G R as n — > 00 ; w/iere c > 0. T/ien i/ie following holds. 

1. The sequence (^/n/b n )(a n jn — a), n G N, o&eys the LDP in R /or sca/e 6 2 mi/i action func- 
tional (x - u a ) 2 /(2o- 2 ), where n a = -0(1 - (3 2 )/2 and a 2 a = (3(1 - (3) + c(l - (3) 2 /2. 

2. If, in addition, c > 1, then the sequence ((■s/n/b n )(a n /n — a), (yjn/b n )((3 n jn — 
(3),(y/n/b n ){~f n /n — 7)), n G N, obeys the LDP in R 3 for scale b 2 n with action functional 



(y - 1 (y - n)/2, y G R 3 , where ji = (fi a , (ip, /i 7 ) T and S 



are 



^en by »p = 0/3(1 - /3)/(l - c(l - /3)), u 7 = 0/3 2 /2, a 2 = (3(1 - (3)/(l - c(l - /?))', 
a 2 = /3(1 -13) + c/3(3/3/2 - 1), = -(3(1 - /3)/(l - c(l - /3)) ; a a7 = -(3(1 - (3)(c- 1), and 
ap y = (3(l-(3)(c-l)/(l-c(l-(3)). 
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The list of results is concluded with the critical-graph case. We recall that excursions of a 
non-negative function x = (xt, t G R+) are defined as intervals [sj,tj], where Sj < tj, such that 
x Si = x 4i = and x p > for p G (s,t), t$ — Sj is called the excursion's length; continuous functions 
have at most countably many excursions. Let, given 6 G R, process X = (X, i G R+) be defined 
as the Skorohod reflection of the process (W t + 9t — t 2 /2, t G R+), where = (Wt, t G R+) is a 
Wiener process. In the next theorem, U = (U\, U2, . . .) is the sequence of the excursion lengths of X 
arranged in descending order and R = (Rx, R2, ■ ■ ■) is the sequence of the increments of the process 
(Njt jr ds , t G R+) over these excursions, where (N t , t G R + ) is a Poisson process (independent of 

W). Let S denote the subspace of of non- increasing sequences u = (u\,U2, . . .) equipped with 
induced topology. The sequence b n is defined as in Theorem 12.31 

Theorem 2.4. 1. Let n 1//3 (c n — 1) -> S £ R as n -> 00. Then the sequences U n = 
(f/f /n 2 / 3 , C/^/n 2 / 3 , . . .) and R n = (i?™/n 2 / 3 , R^jn 2 ! 3 , . . .) jointly converge in distribution in 
§ x R 1 ^ to the respective sequences U = (Ui, U2, ■ • •) and R = (R\, R2, ■ ■ .). //, moreover, 
\fn{c n -l)->fl£Mflsn-too (so # = 0), then the (U n ,R n ) are asymptotically indepen- 
dent ofy/n(a n /n- 1/2) so that (y/n(ot n /n - 1/2), U n ,R n ) jointly converge in distribution in 
R x S x R 1 ^ to (d, [/, P) ; where (U, R) correspond to 9 = 0, a is independent of (U , R) and is 
Gaussian with Ed = —9/2 and Vard = 1/2. 

2. Let (ra 1 / 3 /b 2 / 3 )(c n — 1) — ► 9 G R as re — > 00. ITien i/ie sequences U n = 
(U{ l /(nb n ) 2 l 3 ,U^/(nb n ) 2 l 3 ,...) and P n = (R r { / (nb n ) 2 / 3 , R% / (nb n ) 2 ' 3 , . . .) jom% o&ey f/ie 
LDP in S x R^ /or scale o 2 mi/i action functional 

I U ' R (u, r) = --yu 3 + -(y u ,-9)\o+- + -yu 3 7r(^) 
e v ' ; 24 ^ 4 6 7 6 24 ^ * V M 3 / 

i=l i=l i=l * 

< 00 r i = u>/ien u\ = 0, and /^'^(u, r) = 00 otherwise, where u = (u\,U2, ■ ■ ■) 

and r = (r\,r2, ■ ■ ■)■ If, moreover, (\/n/b n )(c n — 1) —* as n — > 00 /so # = (L 1 , i/ien i/ie 
((y/n/b n )(a n /n - 1/2), C/ n , P n ) o&ey tte LDP in R x § x R^ toflfr action functional 

J ' (a,u,r) = (a+-j + J ' (u,r). 

Corollary 2.5. Let (n 1 / 3 /bl /3 )(c n - 1) -> (9 G R as n —> 00. TTien i/ie following holds. 

1. The sequence U n , n G N, o&eys £/ie LDP in S /or scale 6 2 wit/i action functional 

i=l i=l 

if YliZi Ui < 00 and Ig( u ) = 00 otherwise. 

2. The sequence f3 n / (nb n ) 2 ^ 3 , n G N, o&eys t/ie LDP in R + /or sca/e 6 2 wii/i action functional K 
given by I?(0) = 9 3 V0/6, 

6 

^)-L^-^((^-[^))-) 3 n([!j-K^-[!j-))— «M 
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if u £ (0,9 + ) and 



if u > e+. 

We now comment on the results and relate them to earlier ones. Equation (j2.4j) in a slightly 
different form appears in Barraez, Boucheron, and Fernandez de la Vega (2000). Considering the 
sequences U and R has been prompted by the form of the results of Aldous (1997). Corollarv 12.31 
implies, in particular, that provided there exist m components asymptotically nui in size, where 
TmLi u % < 1 — l/ c i then with probability close to 1 there exists another giant component. This can 
be explained by noting that the number of vertices outside of the m components is asymptotically 
equal to n(l — YliLi u i)i so the "effective" expected degree of an outside node is c(l — YaLi u i) > 1> 
which means there is enough potential for another giant component. 

Part 3 of Corollarv 12.41 is due to O'Connell (1998), who provides an alternative, elegant form of 
the action functional for c > 1 and u > 0: Ic(u) = kK c (u) + L c (ku) for u G [x^, a?fc-i] 3 k G N, where 
xo = 1 and the Xk, k G N, are the solutions of the equations x^j (l — exp(— cx^)) = 1 — kx^. (Note 
that the expression for the action functional in Theorem 3.1 of O'Connell (1998) has a misprint.) 
O'Connell (1998) also noted that the action functional Ic is not convex. The advantage of the 
form of Ic used in Corollary 12.41 is that it is suggestive of the structure of the most probable 
configuration with the largest component asymptotically nu in size: if u > 1 — 1/c, then the 
component of size nu is the only giant component, while if u < 1 — 1/c, then there are [(1 — 1/ C )/ U J 
components, whose sizes are asymptotically nu, and one component asymptotically n(u A u) in 
size. (A similar remark has been made by O'Connell (1998).) This conjecture is confirmed by 
the proof of Corollary 12.41 In addition, the number of components in an optimal configuration is 
asymptotically equal to n(l — u — c(l — u) 2 /2) if u > 1 — 1/c and n(l — f — c(l — f) 2 /2) if u < 1 — 1/c, 
where f = [(1 — l/c)/u\u + u A u. 

Corollary 12.51 leads to similar conclusions. The action functional I?(u) can be written for 

9 > and u G (0,2/91 as I?(u) = -ku 3 /2A + (ku - 0) 3 /6 + 3 /6, where A: G N is such that 
u G [9/(k + 1/2), 9 /(k — 1/2)]. It is not convex for 9 > either. Fig. ^ shows the action functional 
for = 2. (Note that the form of the curve is the same for all 9 > since I^Jxu) = x 3 I?{u) 

xQ 6 

for x > 0.) Interestingly, the graph of I? is reminiscent of the one of Ic given in O'Connell's 

6 

paper (1998), which we reproduce in Fig. [2] for comparison's sake. For 9 > 0, the most probable 
configuration with the largest component asymptotically (nb n ) 2 ^ 3 u in size consists of only one 
such component if u > 9 and has [0/u\ components asymptotically {nb n ) 2 ^u in size along with 
one component asymptotically (nb n ) 2 / 3 ((2(0 — [0/u\u)) A u) in size if u < 0. Since the action 
functional I?(u) equals zero at the only point u = 2(9+, the /3 n /(nb n ) 2 / 3 converge in probability to 

6 

20 + as n — > oo, which is consistent with the asymptotics (5/(c — 1) — > 2 ascj 1. There is also an 
analogue for the critical graph of Corollarv 12.31 on the most probable "conditional" configurations. 
In particular, given there exists a component asymptotically (nb n ) 2 l 3 u in size, with probability 
tending to 1 it has asymptotically (nb n ) 2 1 3 u 3 / 12 excess edges, and if u < also with probability 
tending to 1 there exists another component asymptotically (nb n ) 2 / 3 2(0 — u) in size. 

The first assertion of part 1 of Theorem 12.41 is due to Aldous (1997), who establishes the con- 
vergence of the sizes of the connected components for the stronger £2 topology. Our proof uses 
similar ideas. Part 2 of Theorem 12.41 can also be expressed as a statement on a certain type of 
convergence of excursions. Let idempotent process X = (Xt, t G M+) be defined as the reflection 
of the idempotent process (W t + 0t- t 2 /2, t G R+), where W = (W t , t G R+) is an idempotent 
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I?(u) 



u 3 (u - 0) 3 9 3 

h — H 

24 6 6 
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component size 

Figure 1: Moderate deviations of the size of the largest component of the critical graph (9 = 2) 



0.25 




component size 

Figure 2: Large deviations of the size of the largest component of Q(n, 3/n) (O'Connell (1998)) 



12 



Wiener process, and let (iVj, t G M+) be an idempotent Poisson process independent of W (for 
the notions of idempotent probability the reader is referred either to Puhalskii (2001) or the ap- 
pendix). Let (Ui, U2, ■ ■ •) be the sequence of the excursion lengths of X arranged in descending 
order and (Ri, R2, ■ ■ ■) be the sequence of the increments of (Njt-g- dp , t G M+) over these ex- 
cursions. Then the sequences {U[ l / {nb n ) 2 ^ , U%/{nb n ) 2 ^, . . .) and (J2f /(ra&„) 2/3 , R% /(n&„) 2 / 3 , . . .) 
jointly large deviation converge in distribution in § x at rate 6 2 to the respective sequences 
(Ui, U2, ■ ■ • ) and (Ri,R,2, . . .) as n — > 00. (The definition of large deviation convergence is recalled 
in Section |31) Thus, the actual assertion combines statements on large deviation convergence and 
on the idempotent distribution of the limit. The LDP for (U ,R ) of Corollary 12 . II admits a similar 
reformulation. 

Part 1 of Theorem 12.21 for the case where c n = c and accordingly = is due to Stepanov 
(1970a; 1972). Part 2 of Theorem 12.21 complements the results of Stepanov (1970a; 1972) (see 
also Pittel (1990), Barraez, Boucheron, and Fernandez de la Vega (2000)) by allowing for 6^0, 
incorporating 7™ and indicating the covariance of a and j3. As to be expected, the latter two 
random variables are negatively correlated. Parts 1 and 2 of Theorem 12.31 equivalently, state 
that the (^/b n )(a n /n - a) and ((^/b n )(a n /n - a), (y/E/b n )(P n /n - /?), (^/6„)( 7 "> - 7)) 
large deviation converge at rate b\ as n — ► 00 to Gaussian idempotent variables with respective 
parameters {fjL a ,a^) and (//,£). This formulation not only emphasises analogy with Theorem 12.21 
but is instrumental in the proof below. 

We now consider implications of the LDP for a n /n of Corollarv l2.21 which provide some revealing 
insights. The derivative with respect to r of the function in the infimum on the right of the 
expression for I" equals 

K 1 - — ) - —1 - Hi 1 - — )) + lo e— • 

Since r > 1 — 2a, the derivative is non-neg ative if and only if a > (l-r)(l- cr/(2(e CT - 1))). The 
function on the right of the latter inequality, as a function of r G [0, 1], is concave, is decreasing if 
c < 2, and is first increasing and then decreasing if c > 2. Let a* G [1/2, 1] denote the maximum of 
this function on [0, 1]. For a G [0, a*] the equation 

has one root if either a < 1/2 or a = a* and has two roots otherwise. Let r*(a) G [0, 1], where 
a G [0,o*], denote the greatest root of (|2.15() . Then the infimum on the right of the expression 
for J" is attained at r = r*(a) if a G [0,1/2], at r = if a G [a*,l], and either at r = r*(a) 
or t = if a G (1/2, a*). Accordingly, the optimal configuration has either one giant component 
asymptotically nr*(a) in size or no giant components. We can therefore write 

M \ is ( *( y> . r ! *f \\j c ( 1 ~ r *( Q )) 2 / 2(l-q-T*(a)h (0 ac\ 

I c (a) = K c (t (a)) + L c (t (a)) + tt(^ c (l-r*(a)) 2 ) ' ' 

if a G [0,1/2], 

/c /2(l-a)\\ / ^ f ^ur f *^ufc!M! r 2(l- a -T*(fl)) ^ 

/c(a) = U ^ ^ JjA^ c (^ (a))+L c (r (a))+ 5 H c(l-r*(a)) 2 J J (2 - 17) 



if a G (1/2, a*), and 



TO^fBfiff)') (2.18) 
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if a E [a*, 1]. If c < 2, the action functional is in fact given by (|2,16l) and (|2.18j) since a* = 1/2. 
It is seen to be convex and differentiable in a. If c > 2, then a* > 1/2, the difference between 
the first and the second functions in the minimum on the right of (|2.17l) is positive for a = 1/2, is 
decreasing in a for a > 1/2, and there exists a unique a 6 (1/2, a*) where these two functions are 
equal. Thus, for c > 2 



K c (t (o)) + L c (r (a)) + tt(^ c ( 1 _ T *( a ^2 ) lf a G M. 

c /2(1 - a)\ r „ 
- 7T — lf a E [a, 1]. 



2 



For c > 2 the function I" (a) is strictly convex to the right of d and is strictly concave in a 
neighbourhood to its left. As a matter of fact, there exists a £ (0, 1/2) such that /"(a) is strictly 
convex for a < a (and a > a), and is strictly concave for a < a < a. The value of a is given by 
(|2.15[) for r = f, where f solves the equation exp(— cr) — 1 + cr = cr 2 . In addition, d j and d j 1 
as c — » oo (in fact, a < 2/c for c > 2), so the concavity region grows as c does. Fig. |3] shows the 
action functionals for various values of c and Fig. 0] shows the regions of convexity and concavity 
for / c a . 

Another distinguishing feature of point d is that at it the left derivative of I^i ) is greater than 
the right one, /"(a) being differentiable in a elsewhere. It is, moreover, a point of phase transition: 
for a < a the most probable configuration has one giant component asymptotically nr*(a) in size 
while for a > d it is optimal to have no giant components. Hence, for c > 2 we have the following 
structure of the random graph with a given number of components of order na: for small values 
of a, with probability close to 1 there is one giant component asymptotically nr*(a) in size and 
many (actually asymptotically na) small components of sizes not greater than of order o(n) (it can 
be conjectured their sizes are of order logra or less); as a increases, more small components split 
off from the giant component and the size of the giant component decreases gradually; however, at 
a = a the giant component breaks up in that its size drastically reduces from being of order nr*(d) 
to being of order o(n), and for a > a only small components remain which disintegrate further as 
a increases. If c < 2, then as a increases the giant component, which is asymptotically tit* (a) in 
size, gradually decreases in size and disappears at a = 1/2, so no drastic changes occur. We thus 
shed new light on the observation by Stepanov (1970b) (see also Bollobas, Grimmett, and Janson 
(1996)) of c = 2 being a critical point. 

There is another connection between our results and those of Stepanov (1970b) as well as of 
Bollobas, Grimmett, and Janson (1996), to which we alluded in the introduction. The above 
observation has been made by Stepanov (1970b) on the basis of the asymptotics 



lim - logEe Aa " = S C (X), AgR, (2.19) 



n— >oo n 



where 



re[(l-eVe)+,l] 



■•VIA) sup [A(l-r) + |(l-r)V A -(l-r)log(l-r) 



|(1 -t 2 ) -rlog-r + r log(l - e" CT ) ) , (2.20) 



and a subsequent analysis of the function S C (X). We are able to reproduce ()2.19|) by using the 
LDP for a n /n and Varadhan's lemma, see, e.g., Dembo and Zeitouni (1998). Moreover, since I" 
is strictly convex for c < 2, it is possible to derive the LDP for a n /n of Corollary 12.21 from limit 



2.19|) via Gartner's theorem, see Gartner (1977) or Freidlin and Wentzell (1998), so that I c (a) 
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is given by the Legendre-Fenchel transform of S c (\). This has been done actually by Bollobas, 
Grimmett, and Janson (1996), who obtain asymptotics l)2.19j) independently of Stepanov (1970b) 
and, in effect, provide a solution to the optimisation problem (|2.2U[) . though they do not find the 
form of I® in Corollary 12 .21 However, for c > 2 Gartner's theorem is not applicable because of "the 
onset of concavity" described above. The Legendre-Fenchel transform of S c (\), being the convex 
hull of / c (a), no longer coincides with I c (ot), which causes Bollobas, Grimmett, and Janson's (1996) 
stopping short of obtaining the above LDP. 

3 Technical preliminaries 

In this section we collect pieces of terminology and notation used throughout the paper, recall some 
results on weak convergence and large deviation asymptotics pertinent to the developments below, 
and provide a number of auxiliary lemmas. 

We denote by D c ([a, b], R d ), where d G N, the space of right-continuous with left-hand limits 
IR^-valued functions on an interval [a, b] equipped with uniform metric and Borel cr-algebra. Space 
D(M_|_,R rf ) is defined as the space of R^-valued right-continuous with left-hand limits functions on 
M + equipped with the Skorohod topology and Borel cr-algebra. Spaces C([0, l],R d ) and C(M_|_,]R d ) 
are the subspaces of the respective spaces Dc([0, 1], M d ) and B(IR + ,M a! ) consisting of continuous 
functions with induced topologies. Elements of these spaces are mostly denoted by boldface lower- 
case Roman letters, e.g., x = (x^, t G [a, b]); x<_ denotes the left-hand limit at t; x^ denotes the 
Radon-Nykodim derivative at t with respect to Lebesgue measure of an absolutely continuous x. 
We denote by p x the projection (x t , t G M+) -» (x 4 , t G [0,1]) from D(R + ,M d ) to D c ([0, 1], R d ) 
and note that it is continuous at x G C(M+,IR d ). Maps K and T from D(M + ,R) to D(R + ,R) are 
defined by 1Z(x)t = x t — inf se r 0i t] x s AO and T(x) t = — inf s6 j 0; j] x s A 0. If xo > 0, then the functions 
y = 72.(x) and 4> = T(x) can be equivalently defined as a solution to a Skorohod problem in that 
y = x + </>, y t > 0, <p is non-decreasing with 0o = and <pt = J* * l(y s = 0) d<p s , t G R+. Unless 
specified otherwise, "almost everywhere (a.e.)" refers to Lebesgue measure and product topological 
spaces are equipped with product topologies; besides, inf0 is understood as oo and £>(R) denotes 
the Borel cr-algebra on R. 

We assume that all the random objects we consider are defined on a complete probability space 
(Q,J-,P), the expectation of a random variable £ is denoted as E£. For a sequence of Revalued 

random variables £ n , n G N, and a sequence of real numbers k n — > oo we write £ n — > and say 
that the £ n tend to zero super-exponentially in probability at rate k n if limn^oo P(|£ n | > e) 1 ^" = 

P d 

for arbitrary e > 0. We also let — * denote convergence in probability, — > denote convergence 
in distribution in the associated metric space, and — > denote large deviation (LD) convergence 

in distribution at rate k n . To recall the definition of the latter (see, e.g., Puhalskii (2001)), we 
say that a [0, l]-valued function II defined on the power set of a metric space T is a deviability 
on T if II(r) = sup wgr exp(— I(v)), T C T, where I is an action functional on T, i.e., a [0, oo]- 
valued function on T such that the sets {v G T : I{v) < a} are compact for a G M+. We say that a 
sequence P n , n G N, of probability measures on the Borel cr-algebra of T LD converges at rate k n to 
a deviability II on T if hm n ,-_ >00 (J T f(v) kn dP n (v )) 1//fc " = sup wgT f(v)U({v}) for every continuous 
bounded M + -valued function / on T. Equivalently, the sequence P ra , n G N, LD converges at rate 
k n to II if it obeys the LDP with action functional / for scale k n . We recall that if the sequence 
P n is exponentially tight of order k n , i.e., for every e > there exists a compact K C T such that 
limsup n ^ 00 P n (T \ K) 1 ^ 71 < e, then it is LD relatively sequentially compact, i.e., there exists a 
subsequence P n / that LD converges at rate k n i to a deviability II'; every such deviability is called 
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an LD accumulation point of the P n . We also say that a sequence of random variables X n , n G N, 
with values in T LD converges in distribution at rate k n to a Luzin idempotent variable X with 
values in T if the sequence of laws of the X n LD converges at rate k n to the idempotent distribution 
of X. 

Let H n = {Hf, t G R+), n G N, be a sequence of Revalued stochastic processes having right- 
continuous with left-hand limits paths. The sequence H n is said to be C-tight if the sequence of 
the distributions of the H n on ©(R+jR^) is tight for weak convergence of probability measures on 
B(R + ,R d ) with its every accumulation point being the law of a continuous process. The following 
limits provide necessary and sufficient conditions for C-tightness: 

lim limsupP(|fly| > B) = 0, limlimsupP( sup - H?\ > e) = 0, T G R +J e > 0. 

B^ao n^oo S^O n — >oo s,te[0,T]: 

\s-t\<8 

The sequence H n is said to be C-exponentially tight of order k n if the sequence of the distributions 
of the H n is exponentially tight of order k n as a sequence of probability measures on 
and its every LD accumulation point II is such that II(x) = for every x G B(R + , R rf ) 
The sequence of laws of the H n is C-exponentially tight of order k n if and only if 

lim lim sup P flay | > B) 1/kn = 0, limlimsupP( sup \H? - H?\ > e) 1/kn = 0, T G R+, e > 0. 

B^co n—*oo n.— >oc s,te[0,T]: 

|s— 1]<<5 

We denote by £^ and Q, where i G N, j G N, n G N, i.i.d. Bernoulli random variables on 
(fi, J 7 , P) with = 1) = c n /n and define Tf, t G R+, as the cr-algebras generated by the ^ 

and for % = 1, 2, . . . , A 1)J , j G N, completed with sets of P-measure zero, and introduce 
nitrations F n = (J 7 ™, t G R+). 

Lemma 3.1. Let c n — > c > as n — > oo. Let 6 n — > oo and b n /^/n — > as n — > oo. T/ie following 
convergences hold as n — > oo: 

sup | e™ | — > 0, sup -7— |e"| — >• 0, sup \/n|e"| — > 0, 
te[o,i] te[o,i] &n ts[0,l] 



and 



1 ln 2 /3tj Arl l p l fc l(nb„) 2 /3 t j An l pi/f4 
SUP — * (J, SUP 77^ — ► U . 



Proof. We prove the convergences on the first line. By (|2.7j) and (|2.11|) 



1 1 n 

sup|e?|<- + -XX- fc+ i- (3.1) 



te[o,H n n 



fc=i 



The right-most convergence follows since E££ n _ fc+1 = c n /n. Next, by Q3.1J) and the exponential 
Markov inequality for 5 > and A > 

P( sup |e?| > 5) 1/n < e x / n Ee x ^e~ xs -» e~ A<5 as n ^ oo. 

*G[0,1] 

The left-most convergence in the statement of the theorem follows since A is arbitrary. Finally, 



te[o,i] fo 



P sup ^|en><5 n <e 1 ^n( Ee €"i) 



e v ' " —* u as n — ► oo, 



proving the convergence in the middle. 

The convergences on the second line are proved similarly. □ 



17 



In the next three lemmas we assume that c > 0. 

Lemma 3.2. 1. The function K p (u), u G [0, 1], p £ R+, equals when either u = or p = 0, is 
strictly decreasing, strictly concave and strictly subadditive in each of the variables u and p when the 
other variable is positive. The function L c (u), u G [0, 1], equals at u = and is strictly increasing 
in u. 

2. If u £ [(1 — l/c) + , 1], then the function K c (x) + L c (u + x) as a function of x is strictly increasing 
for x £ [0,1 — u]. If c > 1 and u £ [0, 1 — l/c), then K c (x) + L c (u + x) is strictly increasing for 
x £ [0, it], is strictly decreasing for x £ [it, u*], and is strictly increasing for x £ [u*, 1 — u], where 
u G [0, 1 — l/c — u] is the solution of the equation 

x 

+ x = 1 — u 



1 - e~ cx 

and u* £ (1 — l/c — u, (3 — u] is the solution of the equation 



x 

= 1 — u. 



1 - e 

The values of the function at x = u* and x = coincide: K c (u*) + L c (u + u*) = L c (u). 
Proof. Part 1 follows from the definitions. Part 2 follows by the equality 

d / cx cx 

— (K c (x) + L c (u + x)) = (c(l - it - x) - log(c(l - u - x))) - y i _ e _ cx ~ log _ e _ e;r 

and the fact that the function x — log a; is decreasing for x £ (0, 1) and is increasing for x > 1. □ 

Let < s < i < 1 and A Si < denote the set of absolutely continuous real-valued functions 
x = (x p , p £ [s, t]) with x p > —1 a.e. and 1 — p — x p > on [s, t]. We denote for x £ A Sjt 

t 

flM- Mjr^j )* 1 -''-*)*- 

s 

Let also for < s < t , absolutely continuous real- valued x = (x p , p G and 9 £~R 

t 

/^(x) = i J(± p+p -efdp. 

s 

Lemma 3.3. 1. Given w £ (0,(t — s) 2 /2), the infimum of /^ t (x) over x G A Sjt such that 
x s = x t = and J s * -x. p dp = w is attained at 

Xp( S , *) = S - p + i _ t e I^_ s) (1 - e-^~ s) ) , p G [ S , t] , 

where p £ M + satisfies the equality dK p (t — s)/dp = —w, i.e., 

Kt ~ S) -l + ^ + l -p(t-s). 



1 - e -p(*-s) t - s 2 

TTie wa/ue o/ i/ie infimum equals Kp{t — s) + (p — c)w + L c {t) — L c (s) = sup pg]K+ [K p {t — s) + 
(p-c)w) +L c (t) -L c (s). 

If w = 0, i/ien the infimum is attained at x p (s,t) = 0, p £ [s,t], and is equal to L c {t) — L c (s). 
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2. Given w G R+, i/ie infimum of Iz y(x) over absolutely continuous real-valued functions x 
(x p , p£ [a, £]) auc/t i/tai x s = x t = and J*f x. p dp = w is attained at 



x p (a, t) = 6* (P ./ )( * P) , p G [3, i] , 
(/ - a) 3 



and equals 

Qw 2 „ (t - #) 3 - (a - #) 3 

Proof. Let C denote the closed convex subset of the Banach space of real-valued Lebesgue mea- 
surable functions h = (h p , p G [s,t]) with norm \\h\\ = fg\h p \ dp specified by the conditions h p > 
a.e., /* h p dp = t — s, and J s * JJ h q dqdp = w + (t — s) 2 /2. We define a [0, oo]-valued functional F 
on C by 

t p 
F(h) = J -( c[l _ s h _ P rhqdq) ) c(l ~ s ~ J h q da) dp. 

s s 

On noting that for h G C 

t v 
F(h) = J (h p log ^ + c(l - s - y a g dg)) dp + (1 - t) log(l - t) - (1 - s) log(l - a) 

s s 

t 

= J h p log h p dp+{t- s) (c(l - a) - log c) - c(w + (t ~ S) ) + (1 - 1) log(l - 1) - (1 - s) log(l - s), 

s 

we see that F is strictly convex on C. Therefore, the infimum of F on C is attained at a stationary 
point if the latter exists. The method of Lagrange multipliers shows that h p = (p(t — s)/(l — 
e -p(*- s )^ e -p(p- s ) j s such a point. The assertion of part 1 of the lemma follows. 

For part 2 we apply the classical method of solving the isoperimetric problem, see, e.g., Alekseev, 
Tikhomirov and Fomin (1987). □ 

Lemma 3.4. 1. Let a G [0, 1] and r G [0, 1]. Then the infimum of 

/'(^) -<»-*)* 

o 

over absolutely continuous non- decreasing functions (fi = ((fit, t £ [0)1]) such that (J)q = 0, 
<fii = a, fa < 1 a.e., and the Lebesgue measure of the set where <fi t = is at least r, equals 

T _ . c. „ , , 9 /2(1 — a — (1 — 2a) V r)\ 

L c ((l - 2a) V r) + - (1 - (1 - 2a) V r) 2 .(-L__L_^) . 

5. Ze£ r G R+ and 9 G R. Taen tfre infimum of f™(-(fi t -9 + t) 2 dt/2 over absolutely continuous 
non- decreasing functions (fi = ((fit, t G R+) such that 0o = and the Lebesgue measure of the 
set where (fit = is at least f, equals ((f — 9) 3 V + # 3 ) /6. 
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Proof. We prove part 1. The optimising integral can be written for a suitable function g as 
1 11 

J (c(l - t) - log(c(l - t))) dt + j g(fc) dt + J (fit log(l - t) dt. 


Let 0* denote the increasing rearrangement of (fi defined by (fit = sup{A S : /x^,(A) < t}, where 
fJ>(f,(X) is the Lebesgue measure of those t € [0, 1] for which (fit < A. Since the function log(l — t) 
is decreasing, by a Hardy-Littlewood inequality, see Bennett and Sharpley (1988) or DeVore and 
Lorentz (1993), fa log(l - t) dt > £ # log(l - t) dt. Also g(<p t ) alt = ^g(Jf t )dt. Therefore, 
the function can be assumed non-decreasing, so (fit = for t £ [0, r] and by the definition of L c 

l 

7T ^ ~ *) d * = L ^( r ) + r )> ( 3 ' 2 ) 



c(l-t) 



where 



l 

K^y) c(1 -«)*■ (3 - 3 > 

r 

We now minimise 1(0, r) on the set E(t) of absolutely continuous functions with <^> T = 0, 0i = a, 
(fit G [0, 1] a.e., and (fit non-decreasing. Convexity considerations provide us with the lower bound 

r/, \ c(1-t) 2 /2(1 -t-o)\ , t . 

which is attained at 

~i>t = 1 - (l-t),t€[r,l]- 

If r > 1 — 2a, this function belongs to H(r) and delivers the infimum to /(</>, r) on S(r) implying 
the required. 

However, if r < 1 — 2a (hence, 2a < 1), then (fit is negative for i G (r,2 - (1 — t) 2 /(1 — r — a) — r). 

We prove that for those r the infimum of I((fi, r) over £ S(r) is attained at defined by </>t = 

when t e [r, 1 — 2a] and ^ = 1 — (1 — t)/(2a) when t G [1 — 2a, 1]. Let us consider (fi = {(fit, t £ [r, 1]) 
for (fi £ E(r) as an element of the Banach space of Lebesgue measurable functions h = (ht, t £ [r, 1]) 
with norm esssup tg j T l ]|/ij|. Let functional F on the subset of functions with < h t < 1 a.e. be 

defined by F(h) = J T tt((1 - h t )/(c(l - t))) c(l - t) dt. It is convex and has a Gateau derivative at 

4> given by (F'((fi), h) = - £ log((l - <j> t )/(c(l - t)))h t dt. Therefore, for (fi E 5(r) 

l-2a 1 

{F'(4>),j>-4>)= J log(c(l - dt + log(2ac) y ((fit-$t)dt 

T l-2a 

l-2a 1 



>log(2ac) / ^ dt + log(2ac) / - eft = 0, 



l-2o 



implying (see, e.g., Ekeland and Temam (1976)) that I((p,r) < I((fi, r) for c/> 6 S(r) as claimed. 
The definition of and (|3,3|) yield I(4>,t) = L c (l — 2a) — L c (t) + 2a 2 c7r(l/(2ac)) , which in view 
of (|3.2j) implies the assertion of the lemma for the case r < 1 — 2a. 
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The proof of part 2 is similar, the infimum being attained at <f> with (p t = for t G [0, r V 0] and 
<^ = t - (9 for t > r V 0. □ 



Lemma 3.5. Subsets K o/R5 of sequences u = (ui, «2, • • •) swc/i i/iai sup ug ^ X/i=i u * < 00 anc ^ 
linij^oo sup u6 # Uj = are compact subsets of§. 

Proof. It suffices to check sequential compactness. Let u n , n G N, be a sequence of elements of K. 
The sequence u n , n € N, being compact for the product topology, let u = {u\,U2, ■ ■ ■) denote an 
accumulation point. Passing if necessary to a subsequence, we may assume that — > vn as n — > oo 
for i £ N. We have that u G K. Let -B = sup ugi ^ YliLi u i- Given e > 0, let 5 > be such that 
x(x) < €x/(2B) for x G [0,5] (we use that x( x )/ x as x ^ 0), let be such that u, < 5e for 
i > k and u £ K, and let no be such that |u" — ttj| < 5e for i = 1, 2, . . . , k and n > no- We then 
have that for n > uq 

1=1 i=l 

proving by e being arbitrary that d x (u n , u) — > as n — ► oo. □ 



4 Large deviation asymptotics for the basic processes 

The main results of this section are LDPs for the stochastic processes S n and E n . We also give 
without proofs LDPs for the $ and Q , which are not used further. All these processes are 
well-defined random elements of Bc([0, 1],R). For the notions and facts of idempotent probability 
theory used extensively in the below argument, the reader is referred to the appendix (or Puhalskii 
(2001)). 

Theorem 4.1. Let c n — > c > as n ^ oo. Then the processes S n obey the LDP for scale n in 
Bc([0, 1],R) with action functional L s given by 

l 

/ 5 (x) = [tt( X * + 1 - — ) c(l-t- K(x.) t ) dt 

V ^ J \c(l-t-K{x) t )J K V n} 

o 

for absolutely continuous x = (x^, t G [0,1]) with xo = ; x^ > —1 a.e., and 1Z(x)t < 1 — t for 
t G [0, 1], and L (x) = oo for other x. 

Proof. Let A n = (A™, t G [0, 1]) be defined by 

[nt\ n-Ql_ x -{k-l) 

k=i j=i 

We note that by (|2.6|) and the definition of S t 

^ = ^»_M jte[0 ,l] ) (4.2) 
n 

so an LDP for the S™ would follow from an LDP for the A n . Let e = (t, t G R+). We prove that 
the >l n as elements of ©(^([0, 1],R) obey the LDP for scale n with action functional 

l 

I A (x) = [ir( — ) c(l-t- K(x - e) t ) dt 
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if x is absolutely continuous, xo = 0, x 4 > a.e., and 7£(x— e)t < 1 — i for t G [0, 1], and / A (x) = oo 
otherwise. 

Let us extend the time-domain of the processes A n to M+ by letting A 1 } = A™ for t > 1. 
We show that the extended ^4 ra satisfy the hypotheses of Theorem 5.1.5 in Puhalskii (2001). By 
(|4.1|) vl n is a totally discontinuous F n -adapted semimartingale with predictable measure of jumps 
(v n ([0,t],T), t G R + , T G B(R)) given by 

[n(tAl)J-l 



n 
fc=o 



^([o,t],r) = ^ - o£ /n - -,r \ {o}), r g 

where 



[n«J 

F n (s,T') = P (-X)Cij G r'J, s G R+, T' G 8(R). (4.3) 



n . 

Since the jumps of A n are bounded from above by 1, A n satisfies the Cramer condition, so its 
stochastic (or Doleans-Dade) exponential is well defined and has the form 

Ln(tAl)J L"(*A1)J-1 , , 

W)= II ( 1 + /(^- 1 )- n ({^}'^))= II J e X »F«(l-Ql /n -^dx), (4.4) 
fe=l R ' fc=0 R 

where A G R. By JUJ) and (IQl 

Q" = ^(A n -e n + e n ), (4.5) 

where e™ = ( [nt\/n, t G R+). Hence, recalling that the £™ are Bernoulli and equal 1 with probability 
c n /n, we have by (|0) and 

[n{tM)\/n 

-\og£?{n\) = ralog(l + (e A -l) — ) / (l - ft(A n - e n + e n ) s - ^-) ds. (4.6) 
n n ' J n ' 



Let us note that by the fact that Q'l + k < n and (|2.9I) 

1 - Tl(A n - e n - e n ) s - ^ > for s G [0, 1]. (4.7) 
Thus, denoting for x G B(R + ,R) 

tAl 

G t (A, x) = c(e A - 1) J (1 - ft(x - e) s - s) (is, (4.8) 
o 

we conclude by (|4.6|) . 1)4 .7j) . the convergence c n — ► c, Lipshitz continuity of the reflection mapping 
on Bc([0, 1],R+), and Lemma 13. II that for arbitrary T > 

sup |~log£^(nA) - G t (\,A n )\ P -^" as n -» oo. 
te[o,T] ra 

Since Gt(X, x) satisfies the uniform continuity and majoration conditions of Theorem 5.1.5 of Puhal- 
skii (2001), by the theorem the sequence of laws of the A n on B(R+,R) is C-exponentially tight 
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(of order n), and its every large deviation accumulation point solves the maxingale problem (0, G) 
with G = (G t (A,x), t e R+, A G R,x G B(R+,R)). Let deviability U A on D(R + ,R) be a solution 
of (0,G). We note that n A (D(R + ,R) \ C(R+,R)) = by the C-exponential tightness of the laws 
of the A n . Let deviability tl A be the restriction of II A on C(R + ,R). The claimed LDP will follow 
if for x G C(R+,R) 

ip4( x ) = | ex P(- /A (^l x )) if X* =XtAi, * €R+, 
I oo otherwise. 

The idea of the proof of Q4.9JI is to translate the problem into a problem on uniqueness of idempotent 
processes. Let T = C(R+,R) x C(R+,R) and component idempotent processes A = (At(x, x'), t G 
R + ,(x, x') G T) and N = (A^(x, x'), t G R + ,(x, x') G T) be defined by the respective equalities 
Af(x, x') = xt and Nf(x, x') = x£. We will prove that there exists deviability II on T such that ^4 
and iV satisfy 

4i = % (i) ,tel + , n-a.e., (4.10) 



where 



t 



Bt(x) =cj(l-K(x-e) s -s) + ds, (4.11) 



o 

A has idempotent distribition T1 A and A?~ is idempotent Poisson, i.e., sup x / gC ( K+jR ) II(x, x') = 

n^x) and sup xg c( R+ ]R) II(x, x') = 11^ (x'), where 11^ is the Poisson deviability. After that we 
will draw on Ethier and Kurtz (1986, Theorem 1.1, Chapter 6) to conclude that (|4,1U|) has a unique 
strong solution. That will imply that Q4.1UJI has a unique weak solution in the sense that the 
idempotent distribution of A is specified uniquely and is given by (|4.9|) . The reasoning used to 
establish (|4.1UI) is also along the lines of the approaches developed in Ethier and Kurtz (1986). 

By (|4.7j) . Lemma and U A being an LD accumulation point of the laws of the A n , we have 
that 

1 - K(x - e) 8 - s > 0, s G [0, 1], Il^-a.e., (4.12) 

so 

G t (A; x) = G t (A; x), t G R+, n A -a.e., (4.13) 

where for A G R 

G t (A;x) = (e A - l)B t (x), t G R+, x G C(R+,R). 
Given e > 0, we define for x,x' G C(R+,R) 

G^(A; (x, x')) = G t (A; x) + (e A - l)et (4.14) 

and introduce an idempotent process A = (A^(x, x'), t G R+, (x, x') G T) by 

i t (x,x') =x t + xj. (4.15) 

As the deviability H A is a solution of the maxingale problem (0,G), II A is concentrated on 
C(R+,R), n A and tl A coincide on C(R + ,R), and Lemma EH and (I2T31 hold, it follows that 
the idempotent process (exp(Axt — Gt(A;x)), t G R+,x G C(R+,R)) is a C-uniformly max- 
imable exponential maxingale on (C(R+, R), fl A ), where C = (Ct, t G R+) is the canonical r- 
flow. Next, the fact that (exp(Ax t - (e A - l)t), t G R+,x G C(R+,R)) is a C-exponential 
maxingale on (C(R+, R), 11^) implies that (exp(Ax 4 - (e A - l)et), t G R + ,x G C(R+,R)) is a 
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C-exponential maxingale on (C(M + ,R),n Ar ' e ), where U N ' e ((x. t , t G R+)) = IT^x^, t G R+)). 
By Lemma lA.31 (|4.14(l and Q4.15B under product deviability tl A x Yl N ' e the idempotent process 
(exp(A^4t(x, x') — Gf(X; (x, x'))), i G R+, (x, x') G Y) is an exponential maxingale relative to the 
r-flow A = (A t , t G R+), where A t = C t ® C t . Let 

<7 t e (x,x') = inf{s G R+ : B s (x) + es > t}. (4.16) 

The idempotent variables erf, t G R+, are bounded idempotent A-stopping times and 
^ E (xx')(^ ( x ' x ')) = ( eA ~~ 1)*' so by Lemma lA.ll the idempotent process (exp(AiV 4 e (x, x') — 
(e A — l)t), t G R+,(x,x') G Y), where Nf(x,x') = Ar 6 (x,x')( x ' x ')' * s an exponential maxingale 
on (T,n A x n"-') relative to the r-flow A e = (A^, t G R+). Hence, N e = (iV/(x, x'), i G 
R+,(x, x') G T) is an A e -Poisson idempotent process, so it is a Poisson idempotent process on 
(T,tl A x II 7 ^). In view of JOU, lj4~T7fl) and the definit ion of At we can write that on T 

A t + x! t = N e Bt{A)+et ,teR + . (4.17) 

We now show that Q4.1UJI is obtained as a limit of (|4.17|) . The pair (A,N e ) specifies a mapping 
of T into itself. Let II e denote the image of fl A x H N,e under this mapping, i.e., LT(x,x') = 
sup( y) y') 6 T: A(y,y')=x, n^y^IT^'^y'); briefly, IT is the joint idempotent distribution of (A, N e ) on 

\' AT 6 (y,y')=x' 

(T,n x n^ 1 '). Since the idempotent distributions of A and N e are deviabilities and do not 
depend on e, the net IT, e — > 0, of deviabilities on T is tight. It is thus relatively compact for 
weak convergence of idempotent probabilities. Let II denote an accumulation point of the IT. By 
the continuous mapping theorem the marginal idempotent distributions of II are equal to Yl A and 
uN - s up x / gC (R+;1R) II(x, x / ) = n A (x) and sup xgC(R+jM) n(x,x') = n Af (x / ). Next, by the definition 
of IT, (ETTT1) . and <H7TT1> for T > and rj > 0, 

IT((x,x') : sup |x 4 - x' x) | > V ) = (U A x II N >% sup \A t - N% t{A) \ > v ) 
te[0,T] te[o,T] 

< (it 4 x n N n ( sup Ml > J) v (ri A x n^) ( sup \ni - N t *\ > \ 

V te[0,T] ^ 7 V s,te[0,(c+e)T]: ^ 

|s-t|<eT 

= iW sup |x 4 | > J) V sup lW|x s - x t | > 2)= n w (x fT > J), (4.18) 

V tS[0,eT] 2/ a,t6[0,(c+e)T]: V 27 V 27 

|s-t|<eT 

where the latter two equalities use the definition of IT^' £ , the facts that N e is idempotent Poisson 
under Yl A x Yl N,e and that idempotent Poisson processes have stationary increments. Given L > 0, 
we have by an exponential Markov inequality and the fact that (exp(Lx< — (e — l)t), i G R+) is 
an exponential maxingale under 11^ 

Nfi ( , T , ^^ / Lr}\ f.r _ Lr? 



H w (x' eT > < S n ^ (exp(Lx' £T )) exp {--£■) = exp ((e L - l)eT } 

where S u n denotes idempotent expectation with respect to IT^. Letting e —>■ and L — > oo, we 
conclude that lim e _^o 11^ (x' eT > 77/2) = 0, so by (|4.18f) lim e _»on e ((x,x') : sup fg [ 0T ]|x 4 — x g t ( x )l — 
77) = 0. Since the IT weakly converge along a subnet to II and sup t6 [ ,T] l x t — x s t ( x )l * s a continuous 
function of (x, x') G T so that the set {(x, x') G T : sup tg [ 0T ] |x t — x' B , X J > 77} is open, we conclude 
that n((x,x') : sup te[0iT] |x t - x^ t(x) | > rj) = 0. Consequently, n((x,x') : sup te[0jT] |x t - x^ t(x) | > 



24 



0) = sup r?>0 n((x,x') : sup tg [ T ] |x t — x' B , J > 77) = 0, which is equivalent to Q4.1UJI by A and N 
being the first and second component processes on T, respectively. 

Equation H4.10|) is of the form considered in Ethier and Kurtz (1986, Theorem 1.1, Chapter 6). 
The hypotheses of the theorem are seen to be met, which implies that (|4.10j) has a unique (strong) 
solution for A given by A t = N at fm, where cr t (x.') = infjs £ [0, 1] : J* s (c(l — lZ{x' — e) p — p) + ) 1 dp > 
t}, x' £ C(M+,R). Therefore, n(x,x') = if (x f , t £ R+) ^ (x^ (x n, f G M +)' so the fact that 
sup xeC(M+ , R) n(x,x') = U N ( X ') yields II(x,x') = n"(x') if (x t , t £ K+) = (x' t £ R+). 



Vt(x') 

Consequently, for x £ C(R+,R) 



n A (x) = sup n(x,x')= sup n Ar (x')= sup u N (x'). (4.19) 

x'eC(R+,R) x'eC(R+,E): x'eC(R + ,R): 

X ' =X a t (x') X * =X B t (x) 

We have thus proved that tl A is uniquely specified by the right-most side of (|4.19j) . In particular, 
if xt 7^ Xj A i for some t £ R+, the set over which the latter supremum is evaluated is empty, so 
tl A (x) = 0. Let xt = Xt A i, t £ R+. Recalling that II^x') = exp(-/ 7V (x')), where /^(x') = 
J °° 7r(x^) (it if x' is absolutely continuous, x' = 0, and x[ > a.e., and L N (x') = oo otherwise, we 
derive by a change of variables and Q4.11|) that the right-most side of (|4.19j) equals exp(— L A (j?ix)) 
provided 1 — 7Z(x — e) s — s > 0, s £ [0, 1]. If x does not meet the latter condition, then n^(x) = 
according to Q4.12JI . Equality (|4.9|) has been proved, so the LDP for the (extended) processes A n 
has been proved. By the contraction principle the (non-extended) A n obey the LDP in Bc([0, 1], R) 
with I A . (Note that the A n are random elements of B c ([0, 1],R).) The LDP for the S n follows by 
(|4.2I) and the contraction principle. □ 

Corollary 4.1. Let c n — > c > as n — * oo. Then the processes (S™ ,'E n ) obey the LDP for scale n 
in Bc([0, 1],R 2 ) with action functional L S ' E given by 

L S > E (x,y)=I S (x)+I*(y), 

where L E (y) = Tr(jt/(cR.{x)t)) c!Z{x) t dt if y = (y t , t £ [0,1]) is non- decreasing and absolutely 
continuous with yo = and L E (y) = oo otherwise. 

Proof. Given a sequence x n , n £ N, of elements of Bc([0, 1])R)> let 

\nt\ L™^(x n ) (l -i)/„J-l 

^ = ^E E C3,*e[0,l]. 
i=l j=l 

A standard argument (e.g., Theorem 2.3 in Puhalskii (1994)) shows that if x n — > x as n — > oo, 

— in 

then the sequence E , n £ N, obeys the LDP in Bc([0, 1],R) for scale n with action functional 
^x(y)) y ^ Bc([0, 1], R). The claim now follows by an argument as in Puhalskii (1995, Theorem 
2.2) (see also Chaganty (1997)), (|23|) . (|2~T2l . and Lemma ITT1 □ 

Remark 4.1. An application of the contraction principle yields LDPs for the Q n and $ . 

1. The processes obey the LDP for scale n in Be?([0, 1],M) with action functional I® given 
by 

1 _ 

/«(x) = y tt( )c(l-t-x f )l(x f >0)dt+ 1 n(^—)c(l-t)l(x t = 0)dt 

' 

for absolutely continuous x = (x t , t £ [0,1]) with xo = 0, x t > — 1 a.e. and x t £ [0, 1 — t] 
t £ [0, 1], and 7*2 (x) = oo for other x. 
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2. The processes obey the LDP for scale n in Bc([0, 1],R) with action functional I* given 
by 



i 







if = i € [0, 1]) is absolutely continuous and non-decreasing, cpo = and </>t < 1 a.e., 
where the Zj are the lengths of the maximal intervals where (j) is constant and summation is 
performed over all such intervals, and I \<f) = oo otherwise. 

5 Large deviations for connected components 

In this section we prove Theorem 12 . 1 1 and Corollaries 12 . 1 1 - 12 .41 We need the following lemma. Let 
a € [0, 1], m E N, ui, . . . , u m be such that Ui 6 (0, 1] and Y^iLi u i — 1> r i> • • • > r m belong to R + , 
and 5 > 0. We denote by B r s l (a; {itj, ri}^) the event that there exist m connected components 
of £7(n, Cn/n) of sizes in the intervals (n(ui — 6),n(ui + 8)) for i = 1, 2, . . . , m, the numbers of the 
excess edges of these components belong to the respective intervals (n(rj — 5),n(ri + 5)), the other 
connected components are of sizes less than nS, and the total number of components of the random 
graph belongs to the interval (n(a — 8),n(a + 8)). Let also B^{a) denote the event that all the 
connected components are of sizes less than n8 and the total number of components belongs to the 
interval (n(o — 8),n(a + 8)). 

Lemma 5.1. Let c n — > c > as n — » oo. If YaL\ u i — 1 ~~ a > then 

lim limsup - logP(5?(o; {u^n}^)) = lim liminf - togP(5?(a; K, rj™ x )) 



V sup f-fCp(^) + r t log ^) + LMl - 2a) V V ^ 
c h n 9 ^2 /2(l-a-(l-2a)vEl 



2 " ' ' "V c(l-(l-2a)v£™i^) 2 

7/ YaLi Ui > 1 — a, then 

lim limsup - logP ( Bf (a; {u^n}^)) = -oo. 

t4Zso 

lim limsup — log P(Bf(a)) = lim liminf — log P(-B? (a)) 



sj-n c, , ,4,2 /2(l-a-(l-2a)+)\ 



c(l-(l-2o)+)' 

Proof. We carry out the proof for the sets Bg(a; {ui^i} 1 ^^. A similar (and actually simpler) 
reasoning applies to the Bg(a). We denote throughout B$(a; {ui, r^}^) as B$. Upper bounds 
are addressed first. Let 8 G (0, mini = i j 2,..., m itj), <r = (cx(l), <r(2), . . . ,o~(m)) denote a permutation 
of the set {1,2,... , m} and B' s denote the set of functions x G U>c([0, 1], R) with xo = such 
that |T(x)i — a\ < 8 and there exist points = t' Q < t[ < t' 2 < . . . < t' 2m < 1 = t' 2m+ i with 
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I *2* — *2i— i — u <r(i) I < 5 fori = 1,2..., m for which "^(x)^ = ft(x)^. = 0, T(x) t /._-T(x) t ^._ i = 0, 
and 72(x) is not strictly positive on any subinterval of [i^j^j+i] of length 8 for i = 0, 1, . . . , m. 
Let -B<5 i(7 denote the set of functions (x, y) G Bc([0, 1],M 2 ) such that x G 5^, y is non-decreasing 
with yo = 0, and |y^, — y^. i — r a ^\ < 6 for i = 1, 2 . . . , m, where the t\ are associated with x, 



and let B$ be the union of the Bs iCT over all permutations a. By the construction of Q n and E n , if 
there exists a connected component of size I of the random graph with k excess edges, then there 
exist integers k\ and &2 ranging in {0, 1, ... , n} such that k% — k\ = I, = Q'^ 2 = 0, Qf > 1 for 
i = k% + 1, . . . , &2 — 1, and Eg — Eg = k. Also, <I> n does not increase on [k%, hi — 1] and $^ equals 
the number of the connected components of G(n,c n /n). Therefore, recalling ()2.9|) and (|2.10|) . we 
have that B% C {(T + e n ,E n ) C B s }. Noting that B 5 and its closure in B c ([0, 1],M 2 ) have the 
same intersection with C([0, 1],M 2 ), we have by Corollary 14. II and Lemma 13. II that 

lim sup - log P(B's) < lim sup - log P ((S™ + t n ,E n ) C B s ) 

n^oo Tl n—*oo Tl 

<- inf (I s (x) + lf(y)). (5.1) 

Let 5^ denote the set of functions x G C([0, 1],R) with xo = such that 7~(x)i = a and there exist 
points Q = t$ <t\ <t2 < ■ ■ ■ < tim < t2m+i = 1 with tn — t^i—i = u a (i) f° r i = 1, 2 . . . , m for which 
7^(x) t2i _ 1 = TZ(x)t 2i = 0, T(x) t2t = T(x) t2i _ 1 , and 72. (x) equals zero on the intervals [*2i 5 *2i+i] for 
i = 0, 1, ... , m. Let B a denote the set of functions (x, y) G C([0, 1],M 2 ) such that x G B' a , y is 
non-decreasing with yo = and yj 2i — yt 2i _ 1 = r a n\ for i = 1, 2 . . . , m and the ij associated with x. 
Since n s> oB s n C([0, 1],K 2 ) = \J a B a , we have by (EHl) 

lim sup lim sup- log P( £5) < -inf inf (i" S (x) + if (y)) . 

5^0 n->oo Tl ' cr ( Xj y) e s CT 

As the function 7r is convex and 7r(l) = 0, it follows by the form of I^(y) in Corollary 14. II that the 
infimum of i^f(y) over y such that (x,y) G B a , where x G B' a is fixed as well as the points t{, is 
attained at y defined by yt = r a ^lZ{yi)t/ f* 2t i 72(x) s ds for t G [i2i-ij %]> where i = 1, . . . , m, and 

yt = c7£(x)t elsewhere, and is equal to YliLx 

■*{r a{£) /(c 7e(x), ds))c 7e(x) s ds. We can 

thus write 

lim sup lim sup - log P (B?) < -inf inf f / 5 (x) + Vvrf — ] c / Khc) s ds J. (5.2) 

5^0 ™ n V a x 6 b;V £f Vcf/ 2 . 1 K(x) s ds) J V ^ / 1 ^ 



*2i 



We now evaluate the infimum over B' a . For x G B' a with J s (x) < oo, let 4> = {fa, t G [0, 1]) = T(x). 
The condition x^ > — 1 a.e. implies that fa < 1 a.e. The function </> does not increase on the 
intervals [i 2 i-i, *2i], i = 1, 2, . . . , m, so a = fa = YT=o It^ 1 ^ dt - 1 ~ Ui implying that 

I 5 (x) = oo for x G -B^. if Y^ILi u i > 1 — a- This proves the second limit in the statement of the 
lemma. In the rest of the argument we assume that < 1 — a. We have on using that 

xt > —1 a.e. 

t-2. 



( tic y \ 

2l 1 *2i-l 



inf ( inf I 5 (x) + Vvrf— ) ], (5.3) 

i« i 6[0 ) t t ?/2) 1 \x6B;(iui,...,iu ro ) ^ VciOi/ J 

i=l,2,...,m 
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where B' a {wi, . . . , w m ) = {x G B' a : f* 2 " i 1Zfa) s ds = w a ^, i = 1, . . . , m}. We next prove that 



inf I s '(x) = V sup (K p (ui) + {p- c) Wi ) + L c ((l - 2a) V V Ui ) 

2 /2(l-o-(l-2a)vE^=i«i) 



+ i( 1 _(l_ 2a)v ^n i ) 2 7r 



i=l 



c(l - (1 - 2a) V ^Xi u* 



• (5-4) 



Since for x G f?^ we have that TZfa)t 2i _ 1 = and T(x)t 2i = T(x) i2i _ 1 for i = 1, 2, . . . , m, it follows 
that lZfa)t = Xf — Xt 3i _ 1 for i G [t 2 i-i,£ 2 i]- Hence, in view of the form of in Theorem I4.ll 
and Lemma I3.31 if we change x G B' a (w\, . . . , w m ) with I s fa) < oo on intervals [t2f-i>^2t] to 
(xt 3i _ 1 +Xp(^2t-i 3 %)i P ^ \p2i-i, *2i]) j where Xp^i-ij *2i) is defined in the statement of Lemma l3.3l 
this will not increase the value of I s fa). The altered function x will still belong to B' a (wi, . . . , w m ) 
(note that 4> is not affected by this modification of x). Since x 4 + <fi t = on U£L [i2i, t2i+i], the 
function and the intervals [t 2 i-i;^2i] uniquely determine the modified function x. We may thus 
optimise over <p and the [t2i,t2i+i], and assume in view of Lemma I3.21 Lemma I3.31 Theorem I4.1| 
and the fact that <pt = a.e. on U™ 1 [t2i-i, *2i] that x is such that 



/ / ( 

I s fa) = sup {K p (t 2i - i 2 i-l) + {p- c)w a (i)) + L c (*2i) - L c (t 2 i-i)) 

l 

+ J l(iGU£ [t 2i ,i 2i+1 ])7r(i^r) c(l-i)di 



= V SUp (ifp(Ui) + (p - C)t0i) + / 7r( — £-) C(l - t) 

~T peR+ 7 Vc(l-tJ/ 



1=1 



(it. 



where for the latter equality we used the definition of L c in (|2.14f) . An application of Lemma 13.41 
yields 

Now, a minimax argument (cf., e.g., Aubin and Ekeland (1984)) shows that 



inf ( sup (Kpfat) + {p- c)wi) + 7r 
u)<e[o,u?/2) v P eK+ 



OT, 



sup (Xp(ui) + r;log- 



(5.5) 



Thus, by 0, (JO)) , and (|53|) . if «i < 1 - o, then 



lim sup lim sup — log P(Bg) < 

S^O n->oo Tl 



J2 sup (K p (ui) + n log + L c ((l - 2a) V m) 



i=l 



i=l 



+ C (l-{l-2a)vY. u tf* 



i=l 



We now establish the lower bound: if YliLi u i < 1 ~~ a ) then 



lim inf lim inf — log P( B?) > 

S—fO ra— >oo n 



2(1 -a- (1 -2a) Vg^ 
c(l-(l-2a)vE™ 1 ^) 2 



V sup (iiCp(«i)+rilog") +L c ((l-2a) V Vn ; ) 



i=l 



c, , ^ n2 /2(l-a-(l-2a) VV™ ni) 

+ (l_(l_2a)vJ»M 



c(l - (1 - 2a) V YZi 



(5.6) 
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Let (wi,pi) denote the saddle point of the function on the left-hand side of ()5.5|) so that 

K Pi( u i) + (Pi ~ c )wi + 7r(-^- )cwi = sup \ K p (ui) +rjlog-). (5.7) 



Calculations show that pi and un are specified by the equalities 



PiUi + H + w l= r 4- (5.8) 



1 — e Uj 2 /5j 

with pi = ibi = if 7~j = 0. Let so = 0, Sj = X^'=i u i' J = 1> • • • > m - Motivated by the form of the 
optimal trajectory in Lemma 13.31 the definition of y above, and the definitions of <f> and <fi in the 
proof of Lemma 13.41 we define for 77 G (0, minj = i 2 ... m u i) an absolutely continuous function x v by 
x£ = 0, 

for t G (si_i, Sj) and 7 = 1, . . . , m, = —77 for i G (s m , s m V (1 — 2a)) , and 

* (l-s m V(l-2a)) 2 V ' 

for t G (s m V (1 — 2a), l), and we define an absolutely continuous function y v by = 
r i TZ(i ri ) t / (J^~^ n TZ(x n ) s ds) for t G (sj_i,s, - 77), 7 = 1,..., and yf = cR(x) t elsewhere. 

Let us fix arbitrary 5 £ (0, mhij =lj2i _ jm Uj). For e > 0, let B eri denote the e-neighbourhood of 
(x^, y 77 ) in Bc*([0, 1], R 2 ). It follows from the definitions of x^, y v , and the operator 1Z that if e and 
77 are small enough, then for arbitrary (x, y) G B e )J? with xq = yo = and y non-decreasing there 
exist disjoint segments (sj_i,Sj), i = 1,2, ... ,m with |sj — Sj_i — u$| < <5 such that the function 
7£(x) is positive on these segments and equals zero at the endpoints, the other intervals where TZ(x) 
is positive are of lengths less than 5, and |yg i — yg^ — ri\ < 5. Furthermore, it may be assumed 
that T(x)i G (a-5,a + 5). We therefore have by (J2U) and (t2~T71 that {(S n + e n ,E n ) C B e>rj } C B£ 
for all small enough e and 77. As the set B €jV is open in Dc([0, 1],K 2 ), in view of Lemma 13.11 and 
Corollary H?T] 



liminf-logPffl?) > liminf -logP({S n + e n ,E n ) C B e „) 



n— >oo 71 n— »oo 77, 

>- irf (i 5 (x)+7*(y))>-(i fi (ie')+7^)). (5.9) 

(x,y)eB e ,„ 

By the definitions of x* 7 and y 7 ' , 1)5. 7j) , 1)5. 8 j) , the form of I s in Theorem 14. 1| the form of I E in 
Corollary 14.11 part 1 of Lemma 13.31 and part 1 of Lemma 13.41 we have that I s (x v ) + I E v (y n ) 
converges as 77 — > to the sum on the right of (|5.6[) which together with 1)5.9)1 concludes the proof 
of dSU). □ 

Proof of Theorem \2.1\ We check that the sequence (a n /n,l/ n , R n ), n G N, is exponentially tight 
(of order n) in [0, 1] x Si x S. By Lemma 13.51 the subsets of [0, 1] x §1 x S of elements (a, u,r), 
where r = (ri, 7*2, ■ ■ ■), with the property that ^£1 r i — B f° r some B > and rj — > as 7 — > 00 
uniformly, are compact. Therefore, it suffices to check that 

Jim limsupP^i^ 1 > b) " = 0, (5.10) 
lim limsupP( sup i?" > 77) = 0, 77 > 0. (5-H) 

i— »oo n— >oo j=i,i+l,... 
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The first limit follows by exponential tightness of the E\ valid in view of Corollary 14 . II and the fact 
that Yli^=i Ri = Ei ■ For the second limit, we note that equals the increment of E t over a time 
interval of length U i , so for 5 > 

oo 

\J{7Z>t,,U?<S}(z{ sup \E n t -X\>r l }. (5.12) 

i= l s,te[0,l]: 

\a-t\<6 

Since U{ < 1/i for an element u = (ui,U2, • • •) of Si, we have that 

lim sup lim sup P ( sup ~R™ > ry) 1//n < limsupP( sup \E™ — ~E^\ > f?) 1 ^™. 

i^oo ra— >oo j=i,i+l,... n— >oo s,ie[0,l]: 

\a-t\<S 

Therefore, Q5.11|) follows on using that by C-exponential tightness of the "W 1 



limlimsupP( sup \E% - E^\ > r)) 1/n = 0. (5.13) 

<5^0 n ->oo s,te[0,l]: 
\s-t\<8 



It thus remains to check that 



lim lim sup — log P (d( ( — , JJ n , R n ) , (a, u, r)^ < e 

e-*0 r ,^oo n V v n J 



limliminf -\ogv(d({ — ,U n , R n ) , (a,u,r)) < e) = - I?' U < R (a, u, r) 

e— >0 n— >oo n V V Jl / / 



where d is a product metric on [0, 1] X Sj. X S and (a, u, r) G [0, 1] x Si x S. Let u = («i,«2, . . .) 
and r = (ri, r2, . . .). If all the Ui > 0, then given 5 > 0, for all small enough e > and all large 
enough m 

{d((^,ZT,if),(a,u,r)) ^JcB^Kd). (5.14) 

If ui > and U{ = for all large i, then ()5.14|) holds for m that is the greatest index i with Ui > 0. 
If ui =0, then we have the inclusion 



E^if), (a, u,r)) <e}cfl?(a). 



Therefore, Lemma l5.1l and the form of ' (a, u, r) imply that, provided = when U{ = 0, 

limsuphmsup-logP(d((— ,[T,if ), (a,u,r)) < e) < -I^ R (a,u,r). (5.15) 

If for some i we have that m = and > 0, then by Q5.12I) and ()5.13j) the left-hand side of (|5.15|) 
equals — oo, so the required inequality holds as well. 
For the lower bound 

liminfliminf-logPfdf(— ,F n ,7? n ),(a,u,r) N ) < e) > -C' U ' R (a,u,r) (5.16) 

re— s-oo n V V n ) ) 

we may assume that = when U{ = 0. Let us be given e > and B > 0. If all the Ui are positive, 
then for all small enough 5 > 0, r\ > 0, and large enough m we have the inclusion 

n 00 

BftajKr^cjdft— ,!T,i? n ),(a,u,r)) < e} U |]T i?? > U { SUP ^ > 4- 
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To see the latter we use the inequality IXm+iXKA) < su Pi=m+i,... (x K/f)A 4) E £m+ i ^ for 
(it 1*2, • • •) € S and the convergence x( x )/ x as x -> 0. Lemma 15. II (|5.1U|) . and (j5.11|) imply 
()5.16|) . If iti > and not all the ui are positive, then by a similar argument 

n oo oo 

B%{a;{ui,ri}?=i) C {d((^-, 17™, if), (a, u, r)) < e} U > ^} U [j > r,, < 6}, 

i=l i=m+l 

where m is the greatest index i with itj > 0. If iti = 0, then 

n oo oo 

BUa) C {d((^,F n ,if ), (a,u,r)) < e} U {^i^ > U J{i!™ > r/, U? < 5}. 

i=l i=l 

In either case, (|q~TI)|) follows by Lemma EU (|5TTU|) . (|57P2|l . and (pHHjl . □ 

Corollaries 12.11 and 12.21 follow by an application of the contraction principle. In some more 
detail, the infima of Ic' U,R (a, u, r) and Ic ,U (a, u) over a G [0,1] are attained at a* = l/(2c) if 
Yli^i u i < 1 — 1/c and at a* = 1 — 5TJ£i ^ ~~ c (l ~~ 5TJi=i u i) 2 if Ei=i n * — 1 ~~ V c ' ^ ne mnm um of 
Ic' ' (a, u, r) over r G § is found by a minimax argument (it is actually attained at r* = (r*, r|, . . .) 
with r* = cuf/(l— exp(— citj)) — cuf/2— itj), cf., Aubin and Ekeland (1984). The expression for i"(a) 
is obtained on noting that subadditivity of K c (u) in u implies that Yl^Li Kc( u i) — -^c(X]i=i M «)' so 
one should minimise i"' (a, u) with respect to iti, and that K c (u) is monotonically decreasing 
in it, so the infimum can be taken over X^i=i u i — 1 ~~ 2a. We provide more detail as to the proofs 
of Corollaries l2~31 and l2~H 

Proof of Corollarv \2.S[ Let A^iti, . . . ,u m ) for 5 G (0, min^i,.,.^ itj/2) denote the subset of Si of 
vectors u = (u%, v,2, ■ ■ •) such that there exist distinct j'j G {1,2,... , [2/itjJ} with \uj t — v+\ < 5 
for i = 1, 2, . . . , m. Let a set j4(iti, . . . , u m ) be defined as the set of u = (iti,it2, . . .) G Si such 
that Uj. = Ui, i = 1,2, ... ,m, for some ji, ■ ■ ■ ,j m - Since A(u\, . . . , it m ) equals the intersection 
of the closures of the Ag(u%, . . . ,u m ) over 5 > 0, the sets ^(m, . . . , it m ) are open in Si, and 
Afi(ui, . . . , u m ) = {U G Ag(ui, . . . , it m )}, we have by Corollary 12.21 and the definition of the LDP 

1 1 

lim limsup — log P(vl? (iti, . . . , u m )) = lim liminf — logP(A? (ui, . . . , u m )) 

S^0 n ->oo n <5^0 n-»oo n ' 

inf if (u). 

ue^4(ni,...,M m ) 

We evaluate the latter infimum. Since I~ (u) is invariant with respect to permutations of the entries 
of u, we may replace u with its permutation that has u\, . . . , u m as the first m entries. By subad- 
ditivity of K c (u) in it we have that ESm+i K c (ui) > ^(X^Sm+i so ^ * s optimal to assume 
that u m+ 2 = u m +3 = . . . = 0. We thus need to find optimal it m +i. If YliLi u i — 1 — 1/c, then 
= ES 1 KM) + L c {YT=i By LemmaElK c (n m+1 ) + L c (£™f u«) > L c (£I=i «<) 

for any u m +i > 0, so it is optimal to take u m+ i = 0, accordingly inf u6 ^( uii ... )Um ) 1^ ( u ) = 
Si^i-^c^i) + ^c(5TJi=i u «) • ^ 2TJi=i u « < 1 — 1/c, then Lemma 13.21 implies that for u* > 
such that it*/(l - exp(-cit*)) = 1 - ET=i u i we have ^c(n*) + L c (Y™i «i + «*) = ^c(E2=i«<)- 
Also E^Li ^ + u* > 1 — 1/c, so the choice of it* as u m+ \ yields the value of the action functional 
YT=i KM) + K c (u*) + L c (E,=i ^ + u*) = ET=i K c(ui) + L c (E^i If "tfH-1 / «* and is 
such that E™^ 1 itj > 1 — 1/c, then I^(u) = ^1=^ K c (ui) + A;($TJi=i which is greater than 
S^i-^c^i) + -^c(E^Li^i) by Lemma 13.21 Finally, if u m+ i is such that Y^i^ u i < 1 — V c > 
then with the use of Lemma El if (u) = ES^c^i) + ^c(l - 1/c) > E[=i 1 ^ c ( u i) + 
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Lc(Ya=X Ui) > YaLi Rciv-i) + L c (Ya^=1 Ui ) • Therefore, u* is the optimal value of u m+ i. Thus, 
mi ueA(ui,...,M m ) Ic( u ) = YaLi K c{ui) + L c (Y%Li u i) and ^ is attained at a unique point u* given 
by u* = {u 1 ,u 2 , ■ ■ ■ ,u m ,0,0, . . .) if YT=i u i - 1 _ V c and u * = ( u i> u 2, ■ ■ ■ ,m TO) «*,0,0, . . .) if 
22=1 u i < 1 — l/ c - We also have by the form of Ic' R in Corollary 12.11 that the infimum of 
Ic ' R (u*,r) over r equals I^(u*) and is attained at the unique point r* = (r*, . . . ,r^,0,0, . . .) if 



E2i ^ >l- l/c and r* 
denote a metric on Si x S, 



1 i • • • i ' mi i 



,0,0,...) if YiLi u i < 1 — l/c Therefore, letting d 



1 1 
lim limsup — logPL4* (u±, . . . , ■u m )) = lim liminf — log P(A$(ui, . . . , u m )) 

5— >0 n-^oo K <5-+0 n— >oo n 

lim limsup -logP((i((C7 n ,7? n ),(u*,r*)) < n) = lim liminf - logP (dUT? 1 ,7?) , (u*, r*)) < ??) 
?j— >o 



U; 



8=1 



1=1 



In addition, liminf^o lim n ^oo P({^((^ >^ )>( u *! r *)) < v}\^5( u ii ■ ■ ■ > u m)) = 1 for r/ > as in 
Freidlin and Wentzell (1998, Theorem 3.4 of Chapter 3). The proof is completed by noting that 
{d((U n ,R n ), (u*,r*)) < 77} C A$ e (ui, . . . ,u m ) C A%{u\, . . . ,u m ) for all small enough r] > 0. □ 



Proof of Corollary \2.J\ By Theorem 12 . 1 1 and the contraction principle 



r":/?>7 



{a,u,r) 



inf 

(u,r)eO(u,r) 



T a,U,R 



(a,u,r), 



(5.17) 



where 0(u, r) = {(u, r) £ §1 x S : u\ = u, r± = r}. The assertion of the corollary for u = follows. 
Let us assume now that u > 0. The infimum of sup pgK+ (K p {x) + rlog(p/e)) over r £ R + equals 
K c (x), therefore, it suffices to minimise over U2,U3, . . . the function 



00 00 00 / 2(1 

^K c (^) + ^c((l-2a)V^n i ) + ^(l-(l-2a)V^^) 2 ^( ' 



(l-2a)VE£i«i) 



i=l 



i=l 



t=l 



V c(l-(l-2a)vEr=i4 



By the fact that K c (x) < for x > and is decreasing in x (Lemma l3.2|) . we can assume that in an 
optimal configuration Ya=i n « — 1 — Next, since K c (x) is concave in x, K c (0) = and Ui < u, 
we have that 



1=1 

Hence, by Theorem 12.11 



Ui) > 



i=l u i 



K c (u) + K C (JT 



Ui — u 



i=l u i 



1=1 



ft 



(5.18) 



I c a ^(a,n,r) 



sup . xxp 



(£T p (u) +r log ^) -K c (u) + inf 
' ' C/ r6[(l-2o)V«,l-o] 



+ K c [t-u 



K c {u) 

c , N 9 /2(1 — a — t) 



, (5.19) 



as required. Part 1 has been proved. 

We prove part 2. By the contraction principle the sequence (/3 n /n, j n /n), n £ N, obeys the LDP 
for scale n with action functional /f' 7 (u,r) = inf ag [ ,i] 1° '" ) (a,u,r), which yields the assertion of 
part 2 for (u, r) = (0, 0). Let u > 0. The infimum of the right-most term on the right of (j5,19|) over 
a £ [(1 - r)/2, 1 - r] is attained at (l-r)/2 if r < l-l/c and at 1 - r - c(l - t) 2 /2 if r > 1-1/c 
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with respective values c(l — t) 2 /2 7r(l/(c(l — r))) and 0. If r < 1 — 1/c, then by Lemma 13, 21 there 
exists t* £ (0, 1 - r) such that r + r* > 1 - 1/c and L c (t) = K c (t*) + L c (t + r*). Therefore, in 
analogy with (|5.18|) 



K c (n) +iT c (r-n - ) + L c (r) > 



T + T* 



II 



K c (u) + KJt + T* - u 



T + T* 



II 



+ L c (r + r*), 



which implies that we may disregard the domain r < 1 — 1/c. Hence, (|5.19(l yields 

I%«(u, r) = sup (k p {u) + r log - K c {u) + inf f - K c {u) + K c (t-u - )+ L c (r) ) . 

pgR+ V ^ v c/ re[(l-i/c)v«,i] V L " J V LuJ; 7 



(5.20) 

If it > 1 - 1/c, then for r > u by Lemma I3~2l \t/u\K c {u) + if c (r - [t/uJ w) + L c (r) > K c (u) + 
K c (t -u)+ L c (t) > K c (u) + L c (u), so 



lf'» = sup (k p {u) + r log + L c («) 



(5.21) 



Let us now assume that u < 1 — 1/c, so c > 1. If r > [(1 — l/c)/u\u + u, then by the fact that 
[(1 — l/c)/u\u + u > 1 — 1/c and Lemma 13.21 



r 
it J 



K c (u)+K c [t 



T 




+ ^ c (r) > ( 








«) 






-U- 






Lit 





> 



so by (l5~2Ul) 

Jf(«) = sup (K p {u)+r log H)-ljf c («)+ 



LU V C/ J 



inf 



+ 1 )K c {u)+K c [t 

+ l)K c (u)+L c 



M\ C / J 



u—u I +L c (r) 



u V c 



it + u 



TS[l-l/c,L(l-l/c)/uJu+u] 



By subadditivity of K c {x) in x, for r > 1 — 1/c 



K c {u)+K c (t 



u) > 



u V C 



K c (u)+K c r 



(5.22) 

-(l--) u). (5.23) 

!J\ C/J / 



By Lemma 13.21 and the definition of u for r £ [1 — 1/c, [(1 — \/c)/u\u + it] 



u\ c 



u + L c (r) > if c (u A ii) + L ( 



LU V C 



u + u A « 



which implies by ()5.23|) that the minimum in ()5.22|) is attained at f = [(1 — l/c)/u\u + u A u 
completing the proof of part 2. 



Part 3 follows by minimising Ic ,,y (u,r) over r E 



□ 



6 Normal and moderate deviations for the largest component 

In this section we prove Theorems 12.21 and 12.31 We start by establishing a law-of-large-numbers 
result. Let 

[nt\ n-Q^-Ci-l) 



M 



^E E t* [0,1], 

i=i j=i 

^ EE (Q-^),t e[ o,i], 



(6.1) 
(6.2) 



i=l i=i 
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so that by (J23J), (ETfil). (I^TTl) . and 

[nij / n 



<#= y (c^i-gr-^-ijds+er+Mr+cD; 1 , ( 6 .3) 

o 

\nt\ /n [nt\/n 

E? = c n J Q^ds + L?-^ J l(Q">0)ds. (6.4) 





-n /-^n 



The processes M = (M t ,t G [0,1]) and L = (L t , t G [0,1]) are orthogonal square integrable 
martingales relative to the filtration (J 7 ™, i £ [0, 1]) with respective predictable quadratic charac- 
teristics 

[nt J / n 

(M") t = ^(l-^) / (l-Q:-M) dS: (6 .5) 
n n J \ n J 

o 

<E") t =^(i-^) / (o:--) + d S . (e.e) 

n n J \ nJ 

o 

Let functions g = (q t , t G [0, 1]), (ft = i G [0, 1]), and e = (ej, t G [0, 1]) be defined by 

»"M. (6 .7) 

otherwise , 



and 



_( t 2_^)_( c _l)( t _^ if tG [/?,!], 
v otherwise , 

e t = e" c(M/3) — 1 + c(t A /?) — . (6.9) 

Equivalently, the pair (g, 0) can be defined as the solution to the Skorohod problem 

t t 
* = /«1 - 1 - •) - 1) * + A and ?« = / Ife = 0) (6.10) 



We note that 

q t = J ( c (l - q s - s) - l) ds for t G [0, 0\ and e t = c J q s ds for t G [0, 1] . (6.11) 




T" 



Lemma 6.1. Let c n — > c > as n — > oo. T/ien i/ie processes Q , $ , and E 1 converge in probability 
uniformly on [0, 1] to £/ie functions q, (ft, and e respectively. 

Proof. By ()6.5|) . (|6.6|) . and Doob's inequality the ¥" and converge to in probability uni- 
formly over [0, 1] as n — > oo. Also, the e n converge in probability to uniformly on [0, 1] by 
Lemma 13.11 Now, a standard tightness argument applied to ()6.3|) and (|6.4j) shows that the se- 
quence (Q , $ , E ), n G N, is C-tight in Bc([0, 1], M ), where a limit point (q,<ft,e) is such that 
qt = L (c(l — q s — s) — l) ds + (ftt, <ft~ is non-decreasing with ^ = J Q * l(g s = 0) d<ft s , and e~t = c J * g s cis. 
Hence, (g, (ft, e) = (q, (ft, e) concluding the proof. □ 
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n 1 ' _ — Tl P — ■ ■ 

Remark 6.1. The convergences Q — ► (/ and $ — ► </> also follow from Eemark 14.11 since the action 
functionals I® and /* are equal to at q and (f>, respectively. 

We now prove a diffusion limit theorem, which will lead to the proof of Theorem 12.21 Let 
us define processes M n = (Mf, t G [0,1]), L n = (L™, t G [0,1]), X n = (Xf , t G [0,1]), y n _= 
(*7\ i G [0,1]), and Z n = (Z?,_t G [0,1]) by the respective equalities M t n = y^M", LJ 1 = ^/nl^, 
Xf = v^(g™ - ? t ), y t n = - t ), and = y/E(E? - e t ). By (§3), (jOJ), (JHTJ), (RTTT71) . and 

(|6. llf) these processes satisfy the equations 

t t 
X? = -c n J X? ds + V^(c„ -c)J a 2 s ds + M" + e7 + Y/\ (6.12) 



= c„ y X™ ds + v^(c„ - c) jq s ds + L? + (6.13) 



where 



e - if teM , (6 . 14) 



[ntj /n t 



^r + v 7 ^ / [c n (l-^ s -^)-l)ds + V^J(s-^-)ds, (6.15) 



[ntj / n [nt\ / n 

^ = V^c n / Q^ds-^ [ 1(Q™ > 0) . (6.16) 



We note that Lemma 13. II implies that if c n — > c as n — > oo, then for arbitrary ij > 



sup|e^|^0, (6.17) 
te [o,i] 



also 



sup |5 t n | < (6.18) 
te[0,i] V n 

Let W {1) = (W t (1) , t G [0,1]) and = (W t (2) , t G [0,1]) be independent Wiener processes, and 
processes H = (H t , t G [0, 1]) and Z = (Z t , t G [0, 1]) be specified by the equations 

tAfl t 



H t = -c j H s ds + e J a 2 s ds + x/cj a s dW^\ (6.19) 



tA/3 t t 

Z t = c J H s ds + e j q s ds + yfc J yftTsdW® . (6.20) 



We also define processes M = (M t , t G [0, 1]) and L = (L t , t G [0, 1]) by M t = y/c J * a s dwP and 
Lt = V~cJl VT s dW®. 
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Lemma 6.2. Let \pn{c n — c) -> £ 1 as n —* oo, where c > 0. T/ien 



lim limsupP( sup |X t n | > B) = . 

B^oo n ^oo te[0,l] 



Also the following holds. 



1. If (3 > 0, then for 5 £ (0,(3 A (1 - (3)) the processes M n , L n , (X?, t€ [0,(3- 5]), {Y t n , t G 
[(3 + 5, 1]), and (Z£, t G [0, 1]) jointly converge in distribution in B c ([0, 1],K 2 ) x B c ([0,/3 - 
<5],R) x D c ([/3 + <5, 1],R) x D c ([0, 1],R) to the respective processes M, L, (H t , t G [0,(3 - 5]), 
(—H t , t £ [(3 + 5, 1]), and Z. In addition, lim n _>oo P(sup te r 0)( g_ l5 ] \Yp\ > 5) = . 

2. If (3 = 0, then the processes Y n converge in distribution in Dc([0, 1],M) to the process —H. 

Proof. We start by proving that the processes (M n , L n ) converge in distribution in Bcr([0, 1],M 2 ) to 
the process (M, L). The processes M n and L n are orthogonal square integrable martingales relative 
to the filtration (J^, t G [0, 1]), whose respective predictable quadratic characteristics n(M ) t and 
n(L n ) t converge in probability as n —> oo to c J* * a 2 ds and c f£ q s ds respectively in view of (|6.5j) . 
()6.6|) . Q6.7|) . (|6.14j) . and Lemma 16.11 The predictable measure of jumps of (M n ,L n ) is given by 

u n ([o, i],r x r') = F n (i- — --,r\{o})W(^--J ,r'\{o}),r,r , e6(i), 

where 

[nsj 

^ r,,) = p (i Ete - ^) G r ") > s G [°. r " G 

Therefore, for e > and n large enough 

x\ 2 l(\x\>e)D n (ds,dx)<^ J J\x\ 4 D n (ds,dx) J\x\ A F n (l-^^-^-^,dx 



R2 R2 



fe=l 



+ |E/n^"((^4) + .-)^ 

k=l in, 



n 2 e 2 



which converges to as n — > oo. Therefore, extending the (M n ,L n ) to processes with trajectories 
in B(M+,R 2 ) by setting (Mf, L") = (Mf , L"), i > 1, we see by Jacod and Shiryaev (1987, Theo- 
rem VIII. 3. 22) that these processes converge in distribution to the extension of (M, L) defined as 
(M t ,L t ) = (Mi, la), t > 1. Since the projection p a from B(M + ,M 2 ) to B c ([0, 1],M 2 ) is continuous 
at continuous functions from B(M + ,R 2 ), we conclude that the (non-extended) processes (M n ,L n ) 
converge in distribution in Dc([0, 1],M 2 ) to the process (M,L). 

By ([6.3)1 . ([6.10)1 and Lipshitz continuity of reflection for r G [0, 1] 

\nt\/n t 

[ns 



|Q;-9rl<2sup / (c n (l-Qs-^)-l)ds + e? + M r t l - (c(l-q s -s)-l)ds 
te[o,r] ^ n J J J 



so the definitions of X t n and Mf, (|677|) . (I6~T1) . and (jfTTKl) yield 

t t 
< 2c„ / \X?\ ds + 2 sup |M™| + 2^/n|c n - c| [ a 2 s ds + 2 sup |e?|, t G [0, 1]. (6.21) 

J se[0,t] J s6[0,l] 
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In view of C-tightness of the M n , the convergence y/n(c n — c) — > 9, 1|6.17|) . and Gronwall's inequality, 
(|6.21j) yields the asymptotic boundedness in probability of the sup tg r 0)1 i|X"| asserted in the first 
display of the statement of the lemma. This implies by (|6.13|) . the convergence \/n(c n — c) — > 9, 
(|6~TS|t and C-tightness of the L n that the sequence Z n , n £ N, is C-tight in B([0, 
We next show that for arbitrary S £ (0, 1 — /?) 

lim P( sup \X?\>6)=0. (6.22) 

On recalling the definition of Y™, we write ()6.12|) in the following form 

t t 
X? = -c n J X? ds + ^(cn -c) J a 2 ds + Mf + e?- ^4> t + y 7 ^ lj\ (6.23) 



bince X t n = v^Q" for t £ [(3, 1], 0(3 = 0, and $ t increases only when Q t = 0, (|6.23ft implies that 
(X£, t £ [(3, 1]) is the reflection of the process (X™ - c n J* X? ds + ^(c n - c) a 2 ds + (M™ - 
^9) ~~ V™4>t + ~~ * e [A 1])) so by Xg being non-negative on [(3, 1] it is not greater than 
the reflection of [X% + ^n{c n - c) J* a 2 ds + (M t n - M$) - yWt + (ef - e£), i G \J3, 1]) . Therefore, 



X? < sup (V^(cn -c) [a 2 dp + (M™ - MJ 1 ) + V^fo - + (e? - 
se[/3,i] •/ 

s 

« 

y{X n p + y^(c n - c) J a 2 ds + (M t n - Mp) - V^t + (e? - , * G [A 1]. (6.24) 

Hence, for t > (3 + 5 and 77 G (0, 5), 

1 

X? < (|v^(cn -c)\ [a 2 s ds + 2 sup |M™| + 2 sup |e?| + X£ + v^fa-, - t )) 

J se[/3,l] s6[/3,l] 

t 

V sup (|VH(c„- C )| /"oj dp +\M?-M?\ + |e?-e?|). (6.25) 

s6[i-J7,*] ■/ 

Limit (|6.22|) follows by (|6.25j) . (|6.17j) . C-tightness of the M n , asymptotic boundedness in probability 
of the sup tg [ ,i] \Xt\, the convergence \/n(c n — c) — > 0, and convergence of sup tg [ ( g +(5jl ] \fn{$ t _ r) — t ) 
to — 00 as n — > 00. Now, (|6.22|) implies by (|6.12|) . (|6.17l) . the convergence y/n(c n — c) — > 0, 
asymptotic boundedness in probability of the sup t6 r 0)1 i|X"|, and C-tightness of the M n that the 
processes Y n restricted to [(3 + 5, 1] are C-tight in B([/3 + 5, 1],R). 

Let us now assume that (3 > 0. By (|6.23j) . the definition of X™, and the definition of the 
reflection mapping for t £ [0, 1] 

s s 

$t = - hrf (-cn J X™dp + y/E(cn - c) j <r 2 p dp + + e n s + y/Eq s - y^ s ) AO. (6.26) 


Convergence in distribution of the M n to a continuous-path process implies that for 5 > 
lim^o nmsu Prwoo f > ( su Pte[o,r;] \^t\ > S) = 0. Therefore, given 5 £ (0,/5), we derive from 1)6.26(1 . 
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taking into consideration the convergences \{n(c n — c) — ► 9 and y/nin£te[r),/3-S\ q t — » oo as n — » oo, 
where 77 € (0, /3 — <5), the fact that 4 = for t G [0, /3], (|6.17|) . and asymptotic boundedness in 
probability of the sup tg r 01 i and sup tg r 0)1 ]|M t n | that 

lim P( sup \Y t n \ > 5) = 0. (6.27) 

Putting together (|fiT2l . (IfHTJ) . (|fT2Tj) . the convergence -v/n(c n — c) — > asymptotic boundedness 
in probability of the sup ig [ 01 ] \X™\, and C-tightness of the M n , we conclude that the X n restricted 
to [0,(3- 5] are C-tight in O c ([0,p- <5],R). 

We have thus established that for (3 > and 5 G (0, /? A (1 - /?)) the processes M n , L n , X n re- 
stricted to [0, j3 — 5], Y n restricted to [(3 + 5, 1], and Z n are C-tight in the associated function spaces, 
so they are jointly tight as random elements with values in the product space. Convergence in distri- 
bution inB c ([0,l],R 2 ) xD c ([0, p-5],R) x B c ([/3 + <5, 1], R) xD o ([0,l],R) of the (M n ,L n ,(X?, t G 
[0,p-5]),(Y t n , t G [/3 + <J,l]),Z n ) to (M,L,(H t , t G [0,0-d]), (-fT t , f G [P + 6,l]),Z) now follows 
by (EUD , (J?H3l . fljOTD , JSHJ, ffnTa . the convergence v™(cn - c) -»■ 0, 

convergence in distribution of the {M n ,L n ) to (M,L), and uniqueness of the solution {H,Z) to 
(l6~T31) and EH). 



Let us now assume that /3 = 0. Inequality ([6. 21ft in view of asymptotic boundedness in prob- 
ability of the sup te[0)1 ]|Xf |, C-tightness of the M n , limits (j?TT71) . (|B~2^|) . and \/™( c n - c) 
yields the limit lim^o limsupyj^^ P(sup tg [ 0jr) ] \X™\ > 5) = for 5 > 0, so by (|6.22f) 
lim n ^ oo P(sup tg[0)1] |Xf I > 5) = 0. Therefore, by (l6~T2l . the convergence \/n(c n — c) — > 6, and 
convergence in distribution of the M n to M, the y n converge in distribution in DcQO, 1], M) to 
-H. □ 

Remark 6.2. A slight modification of the proof allows one to strengthen the assertion of the lemma 
for (3 > to the joint convergence in distribution in D c ([0, 1],K 2 ) x O c ([0,P - 5],R) 2 x O c ([P + 
5, 1],K) 2 xK 2 xB c ([0,1],K) oftheM n ,L n , (X?, t G [0,(3-6]), (Y t n , t G [0, /?-<?]), (X?, t G [/3+M]), 
(y/\ t £[(3 + 5, 1]), Yg 1 , and Z n to the respective random elements M, L, (X t , t G [0,(3 - 5]), 
(Y t , t G [0,(3 — 5}), (X t , t£[(3 + 5, 1]), (Y t , t G [(3 + 6, 1]), Xp, Yp, and Z, where 



for t£ [0,(3), 
HpVO for t = /?, and Y t 

fort €09,1], 



for t e [0,0), 

(-Hp) V for t = p, 
-H t for tG (/?,!]• 



We thus have convergence in distribution with unmatched jumps in the limit process mentioned in 
the introduction. 

Proof of Theorem \2. t A Let c > 1, so /? > 0. We prove that as n — > 00 

M- - a) , V^(- ~ P) , M- - 7)) - ('Hi, : ^ gr , ^) , (6.28) 



n / I ti / \n // V ' 1 — c(l — P) 



which implies the assertion of part 2 of the theorem. 

Let T n be the last time t before P/2 when Q t = and P n be the first time t not before /3/2 
when Q t = 0. By Lemma l6~T1 and ()6.7|) Q t > for t G [5,/? — 5] with probability tending to 1 as 
n -> 00 for arbitrary <5 G (0,P/2), so P(r n < 5) 1 and P(/3 n > - <5) ->■ 1. Also, noting that 

= ¥"„ for t£(r n ,p n ), Lemma EH and (jHSJ 

limsupP(/3 n >/3 + 5) <limsupP(¥^ 1 (0=^+5) = 0> 
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so as n — > cc 

(3 n ^ (3. (6.29) 

Similarly, the event that there exists an excursion of Q n of duration greater than 77, where r/ £ 
(0, 1— /?), which ends at some time after f3+r], is contained in the event {inf^^ (& t+r) — $> t ) = 0}. 
Lemma 16.11 and the fact that cj) t is strictly increasing on [f3, 1] in view of (|6.8|) imply that the 
probability of the latter event tends to as n — > 00. As the sizes of the connected components of 
Q(n,c n /n) are equal to n multiplied by the excursion lengths of Q , we see that with probability 
tending to 1 as n — > 00 the largest component "starts" at nr" and "ends" at n(3 n , so 

p(^ =/ 9"_r n ) -1, (6.30) 
p(l- =E% n -► 1. (6.31) 

By (|6.12j) and the facts that X™ n = — yJnq T n and X? = —\/nqp„, 

T n T" 

-<Jnq T n = -c n J X n s ds + ^/n(c n - c) j a 2 s ds + M™„ + e?„ + Y? n , (6.32) 


-Vnqpn = -c n J X™ ds + ^/n(c n - c) J a 2 s ds + MJ„ + e^ n + ^/n^„ - V™<Ppn ■ (6.33) 







Since r n — > 0, the right-hand side of (|6.32j) converges in probability to zero by (|6.17l) and Lemma f6.21 
p 

so y/nq T n — > and, consequently, by (|6.11f) and the fact that c > 1 

v^r" ^ 0. (6.34) 

Since = <&™n + 1/n (see (|2.8p ). y/n^n —> 0, and gs n — (Ag n = /j 3 (c(l — c7 s — s) — l) ds = 
(e(l — <? s — s) — l) ds (see ()6.1U|0 . we derive from (|6.33|) on using (|6.29l) . ()6.17|) . and Lemma l6~2*l 

that 

v 7 ^ J (c(l - q s - s) - l) ds - c n J X™ ds + y/n(c n - c) j a 2 s ds + M| n ^> 0. (6.35) 

/3 

Since a = <p l (see 1)6.8(1 ) and a n = <3?™, we also have that 

v^(^ - q) = y x n . (6.36) 

Convergence follows by (l6~29l) . l|CTty . JOT]) . (|6~34l . (l6~35|) . (|6~36l) . the observation that 

7 = e/3 (see (|6.9|l ). asymptotic boundedness in probability of the sup tg [ 0il ]|X™|, the convergence 

\fn(c n — c) — > 0, the joint convergence in distribution (M n , Y™, (X™, s G [0,/3 — <5]),Z n ) — > 
(M,-H U (H S , a €[0,0- S]),Z) in D C ([0,1],R) xlx Oc([0,/3 - <5],R) x D C ([0,1],R) valid by 
Lemma 16.21 and the continuous mapping theorem. 

If c < 1 the Y"™ converge in distribution to —H\ by part 2 of Lemma 16.21 which completes the 
proof of part 1. □ 
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We now prove Theorem 12.31 As mentioned above, the proof is along the lines of the proof of 
Theorem 12,21 so we begin with an idempotent analogue of Lemma 16.21 We recall that b n , n G N, 
is a real- valued sequence such that b n — > oo and b n /y/n — > as n — > oo, and introduce processes 
M n = (MP, t E [0,1]), = t G [0,1]), X" = (If, i G [0,1]), y» = (Y t n , t G [0,1]), and 
Z n = (Z\ l , t G [0,1]) by the respective equalities Mf = Mf/6 n , = L?/b n , X? = X?/b n , 
yn = y t n /b n , and Z t n = Zf/b n . Dividing (ETTg) and KT^ through by 6 n yields for t G [0, 1] 



t t 



X? = -c n J X? ds + ^ (c - c) y ct s 2 (is + M" + % + y n , (6.37) 



t t 

Z? = c n f A7 ds + ^ (c - c) Jq s ds + L? + (6.38) 







where 



We note that by (l6~ToT . (OKI). dOfll . and Lemma EH1 



# = if, ^ = T L - (6-39) 



pV<£ 



provided c n -» c as n -> oo, and 



sup |e^| — > 0, (6.40) 
te[o,i] 



sup |#| < -^=. (6.41) 



""■f I t I — 7 / 

te[o,i] OnV n 

Let = (W t {1 \ t G [0,1]) and = (W t {2) , t G [0,1]) be independent idempotent Wiener 

processes on an idempotent probability space (T, II) adapted to a complete r-flow A, idempotent 

processes M = (M t , t G [0, 1]) and L = (L t , t G [0, 1]) be defined by M t = yfc J * a s wP ds and 

L t = yfc Jq \fq\W s ds, respectively, an idempotent process H = (H t , t G [0,1]) be the Luzin 



JO 

strong solution of the equation 



M/3 t t 



H t = -c j H s ds + § J a 2 s ds + y/c J <r t wP ds, (6.42) 



and an idempotent process Z = (Z t , t G [0, 1]) be given by 

tA/3 t t 

Z t = c J H s ds + 9 Jq s ds + Vc J y/fsW^ds. (6.43) 



Lemma 6.3. Let (\/n/b n )(c n -c)->06Rasn-> oo, where c > 0, b n — ► oo and b n /\/n — > 0. 
T/ien /or arbitrary r] > 

lim P( sup lOT-^l >r?) 1/6 " =0, 
te [ ,i] 

lim P( sup - </> t | > T]) 1 ^" = 0, 
n ^°° te[o,i] 
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and 



lim limsupP( sup \X?\ > B) 1/b * = 0. 

B-^oo n^oo te[0,l] 



Also the following holds. 



1. If [3 > 0, then for 5 G (0,(3 A (1 - /?)) tfie stochastic processes M n , L n , (X£, ie [0,/3 - 5]), 
(5^ , i G [/? + <5, 1]), and (Z™, i G [0,1]) jointly LD converge in distribution at rate b\ in 
B C ([0,1],M 2 ) x Bq([0,(3 - 5},R) x D c ([/3 + 5,1],M) x D C ([0,1],R) to the respective idem- 
potent processes M, L, (H t , t G [0,(3 — 5]), (—Ht, t G [/3 + 1]), and Z. /n addition, 

2. If j3 = 0, then the stochastic processes Y n LD converge in distribution at rate b\ in 
Bc([0, 1], M) to the idempotent process —H. 

Proof. We have by (JSHJ) and (JHSJ) 

LniJ n-QJii-Ci-l) 



M " = s 



^E E («8-£).«eM, 

J=l j=l 

[nt| Q?_!-l 

« = ^E E 



' 6. 

3 



Therefore, the F n -predictable measure of jumps of (M n ,L n ) has the form 
[MM _ h _ 1 + 

^([o,t],rxr')= Yl F n ( l -^k/ n --,r\{o})F n ((Q n k/n--) , r'\{o}) , r, r' g B(m), (6.44) 

fc=0 

where 

*>,r") = p(__ . - ^) G P"), a G [0, 1], P* G B(R). (6.45) 

n j=i 

Accordingly, the stochastic exponential (£™(A), i G [0,1]), where A £ 1, associated with M n is 
given by 

LniJ 



log£f (A) = £>g(l + J (e Xx - 1) v n {{^},dx x 

=, "(S^-J]))5;('-^- 



Since, for > 0, by Doob's inequality 

P( sup |M t "| > B) 1 '^ < e~ B ( (Ee^ f ") 1/5 " + (Ee^^) 1 ^" 
te[o,i] V 



< e~ B ({E£U2b 2 n )) 1/{2bl) + (E£?(-2#)) 1/(ai ^ 
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and (n/6 n ) 2 logEexp(±(26„/V^)fc ri i - c n /n)) -» 2c as n — > oo, we conclude that 



lim limsupP( sup \M?\ > B) 1/K = 0. (6.46) 



Dividing ()6.21|) through by b n and recalling (|6.39f) yields 

t t 
\Xt \ < 2c n [ \X?\ ds + 2^|c n - c| / ofds + 2 sup |M™| + 2 sup |e™|, t G [0, 1]. (6.47) 

J On J se[0,t] »6 [0,1] 



Applying Gronwall's inequality to (|6.47|) . we have by 1)6.40(1 . (|6.46|) . and the convergence 
(Vn/b n )(c n - c) -> 9 that 



lim lim sup P( sup \X?\ > B) l / b ™ = (6.48) 

*6[0,1] 



proving the third display in the statement of the lemma. As a consequence of 1)6. 48|) , the definition 
of X", and the convergence y/n/b n — > oo 

lim P( sup |Q™ - q t \ > r/) 1/b ™ = , (6.49) 
te[o,i] 

and then by dOfl . (I?TT771> . flOUl) . and (I6~i6l 

lim P( sup |¥™ - </>J > ry) 1 / 6 " = 
n ^°° te[o,i] 

for arbitrary r) > 0, proving the other claimed super-exponential convergences in probability. 

We now prove that the (M n ,L n ) LD converge in distribution at rate b\ to (M,L) in 
Bc([0, 1], M 2 ). This is accomplished by checking the conditions of Corollary 4.3.13 in Puhalskii 
(2001). Extending M n and L n to processes defined on R + by letting M" = Mf and L" = L" for 
i > 1, we have by jHSI) and (fHl)|l that M n and L n are orthogonal F n -square integrable martingales 
with respective F n -predictable quadratic characteristics 

[n(tM)\/n 

^-K-l) / 



[ntj / n 

C n /_ C n \ I ( -^n 1 \ + 



so by (EZJ, (l6~T4l . and (l6~i9l for e > 

lim v(\bl{M n ) t -c [ a 2 s ds\ > e 

n^oo V J j 



Ml 

lim p(|^(£ n )i-c / q s ds| >eV 6 " = 0, 

n— >oo V J J 



Ml 
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checking condition (C' ) of the corollary. The processes (M n ,L n ) satisfy the Cramer condition by 
(fQl|) and (JH3SI). We check condition (L e ): 

1 

Jirn J J e Xb "\ x h(b 2 n \x\ > e)v n {ds,dx) > r^^" = 0, A > 0, e > 0, rj > 0. (6.50) 

" R2 

We have for n large enough by Q6.44|) and Q6.45|) 

71 R2 " R2 

fc=0 R R 

< „-eVS/6 n ^l c ri (exp(2(A+e))-l+2(A+e)) 

Since the latter expression converges to as n — > oo, convergence (|6.50j) holds. Conditions (0) and 
(supi?') of the corollary trivially hold. Thus, the extended (M n ,L n ) LD converge in distribution 
in ro(lR + ,M 2 ) at rate b 2 n to (M, L). Since the projection p x from D(E + ,M 2 ) to D c ([0, 1],M 2 ) is 
continuous at continuous functions from B(R + ,R 2 ), we conclude by the contraction principle that 
the processes (M n ,L n ) LD converge in distribution at rate b\ in Dc([0, 1],R 2 ) to the idempotent 
process (M, L). As a byproduct of C-exponential tightness of the L n , we deduce by (|6.48|) , Q6.38JI , 
the convergence (\/n/b n )(c n — c) — ► 8, and (|6.41|) that the sequence Z n , n S N, is C-exponentially 
tight in B([0,1],M). 

We next show that for arbitrary 5 > 

lim P( sup \X?\ > 5) 1/bl = 0. (6.51) 

Dividing (|6.25|) through by b n yields for t > (3 + 5 and rj G (0, S) 
_ l 

n \„ „l f _2 j„ , o „„„ iWni , o „„„ i~ni , <>n , V^VT 



X t n < [j- \cn - c\ / at ds + 2 sup |M s n | + 2 sup |ej| + ^ + " 0t) 

v °n 7 *e[/3,i] se[/3,i] °n 

t 

V sup (^Icn-cl [a 2 p dp+\M?-M?\ + \e?-^\). 

sG[t-ri,t] °n J 
s 

Convergence ()6.51(l follows if we recall that the M n are C-exponentially tight of order o 2 , 
(y / ra/6 n )(c n — c) — ► 9, Q6.4U[) and Q6.48JI hold, and use that sup^^^ ^ (4> t _ v — (f> t ) < 0. Conse- 
quently, by (|6.37|) . (|6.4U|) . (|6.48|) . (|6.51|) . C-exponential tightness of the M n , and the convergence 
{■\fn/b n ){c n — c) — » the processes y n restricted to [/3 + <5, 1] are C-exponentially tight of order o 2 . 
Next, let us assume that j3 > 0. Representation (|6.26j) implies that for t 6 [0,1] 

s s 

^I? = - inf (-c n f x;dp + ^{c n -c) fa 2 p dp + M- + ^ + ^q s -^ s ) AO (6.52) 
On «e[o,t]\ J ' b n J b n b n J 
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In view of LD convergence in distribution at rate b\ of the M n to a continuous-path idem- 
potent process lim^o nm sup n ^^ P(sup ig [ 0fl ] > 8) l ^ bn = for 8 > 0. Therefore, given 

8 G (0, (3), we derive from (|6.52[) . taking into consideration the convergences (\/n/b n )(c n — c) — > # 
and (y/n/b n ) inf^r^^ g t — > oo as n — > oo, where r/ € (0,(3 — 8), the fact that </> t = for t G [0, /3], 
(jnHDJ, (JHUBJ), and C-exponential tightness of the M n that for 8 G (0,/3) 

lim P( sup \Y t n \ > 8) 1/bl = 0. (6.53) 
n ^°° te[o,/3-<5] 

Putting together (|6~37|) . (|6~4TI)) . (jOHl) . (|5~53|) . the convergence {y/n/b n )(cn - c) -> 9, and LD 

convergence in distribution at rate b\ of the M n to M, we conclude that the sequence of laws of 
the X n restricted to [0,(3- 8} is C-exponentially tight of order b\ in B([0,/3 - 8],R). 

We have thus established that for (3 > and <5 G (0,(3 A (1 - (3)) the processes M n , L n , X n 
restricted to [0,(3 — 8], Y n restricted to [(3 + 8,1], and Z n are C-exponentially tight of order b\ 
in the associated function spaces, so they are jointly exponentially tight of order b\ as random 
elements with values in the product space. Now, LD convergence in distribution at rate b\ in 
B C {[0,1],R 2 ) xB c ([0,/3-5],R) xD c ([/J + 5,l],R) xD c ([0,l],K) of the (M n ,L n ,(Xf, t € [0,(3 — 
8}),(Y t n ,te [(3 + 8,l]),Z n ) to {M,L,(H t , t€ [0,(3-8]), (-H t , t€ \j3 + 6 t l]),Z) follows by (53Z), 
(HE3BJ), (ICTl) . (l6~4*TI) . (jS32J, JS33I), (I63TT1 . JE3|, the convergence (V™/&n)(cn - c) 0, LD 
convergence in distribution of the (M n , L n ) to (M, L), and strong uniqueness of the solution (H, L) 
of (|6~4^|1 and (JEH}- 

Let us now assume that (3 = 0. In view of limits ()6.4(Jj) . ()6.48j) . the convergence (^/n/b n )(c n — 
c) — > 0, and LD convergence in distribution at rate b\ of the M n to M, we have by (|6.47j) 

the convergence lim^o li m sup n _^ 00 P(sup 4g [ 0jr) ]|^"| > S) 1 ^" = for 8 > 0, so by (|6.51j) 
liim^oo P(sup t6 [ 0j i] \X™\ > S) 1 ^" = 0. Therefore, by (|6,37l) . the convergence (\/n/b n )(c n — c)^9, 
and LD convergence in distribution at rate b\ of the M n to M the Y n LD converge in distribution 
at rate b 2 n in B c ([0, 1],M) to -H. □ 

Remark 6.3. A slight modification of the proof shows that for (3 > and 8 G (0,(3 A (1 — (3)) 
the random elements M n , L n , (X?, t G [0,/3 - 5]), f G [0,(3 - 8]), (If, t 6 [8 + 5,1]), 

(17, t G [/3 + <5, 1]), Xfi, Yfl, and Z jointly LD converge in distribution at rate b\ in B c ([0, 1],M 2 ) x 
B c ([0,/3 - <5],M) 2 x B c ([/3 + 8, 1],M) 2 x M 2 x B c ([0, 1],R) to the respective idempotent elements 
M, L, (X t , t £ [0,(3 — 8]), (Y t ,t G [0, (3 - 8]), (X t , te[(3 + <f, 1]), f £ [(3 + 8, 1]), X^, Yg, and Z, 
where idempotent processes X = (X t , t G [0, 1]) and Y = (Y t , t G [0, 1]) are defined by 



X t 



( H t fort€[0,/3), 
ff^VO for t = /3, and Y t 

fort €09,1], 



fO fort€[0,/3), 
(—Hp) V for t = /?, 
-fli fort €09,1]. 



Proof of Theorem \2.,H The proof replicates the proof of Theorem 12.21 We begin by proving that 
in analogy with (|6.28|) if c > 1, then as n — ► 00 



b n \n J' b n \ n /' b n \ n ) ) 6= V 1 - c(l - /3) 

As in the proof of Theorem 12.21 we let r" be the last time t before (3/2 when Q" = and (3 n be 
the first time t not before (3/2 when Q t = 0. The argument of the proof of Theorem 12.21 with 
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the super-exponential limits in probability of Lemma 16.31 used in place of Lemma 16. II implies that 
under the hypotheses as n — * oo 

T nPV* 0> ^p^^ p^^^^o, p(^^^„-^) 1/6 "^0. (6.55) 

By (IQ21 and (l6~331) with the use of llOty 

- ^ q rn = - Cn [ ± s n ds+T^ ( c ™ " c ) / ^ ds + ^ + e """ + ^ ' ( 6 - 56 ) 

On J n J 



= | l s " efe + ^ (c„ - c) J a 2 s ds + M| n + e| n + ^S*. - ^ n . (6.57) 



The left-most convergence in (j6.55|) implies by Lemma l6.3l (I6.4U|) . and the convergence (\/n/b n )(c n — 
c) — > that the right-hand side of ((6.56(1 converges super-exponentially in probability at rate 6^ to 
0, which yields the convergence 

^ 0. (6.58) 

Next, (|6.55|) . (|6.57|) . and Lemma [6.31 imply by an argument along the lines of the one used for 
deriving ((6, 35(1 that 



j3 n /3 n _ p n 

i 



^ J (c(l - q s - s) - 1) ds - ^ J X? ds + ^ (cn - c) J o\ ds + M? 0. (6.59) 



/9 

Also by the definition of Y n and (|6.36f) 

\fn (a 



a )=Y 1 n . (6.60) 
b n \ n / 

Convergence 1)6.54(1 follows by ((6.59(1 . ((6.6UJ) . the convergence (\/n/b n )(c n — c) — > 9, the joint LD 
convergence in distribution (M n , Y™, (X™, s € [0, /3 - 5]), Z n ) (M, (# g , s e [0, /? - 5]), Z) 

in Dc([0, 1],M) x R x D c ([0,/3 - x B c ([0, 1],R), the third super-exponential convergence in 

probability in the statement of Lemma 16.31 the last three convergences in ((6.55(1 . ((6.58(1 . and the 

contraction principle. 

If c < 1, then the Y™ LD converge in distribution to —Hi by part 2 of Lemma 16.31 

We complete the proof by showing that the right-hand side of ((6.54|) is idempotent Gaussian 

with parameters i.e., 

H P , \.*.'\ ( \T ., , 1 \T, 



S exp(-Aiffi + A 2 1 _ p _ + \ 3 Z p ) =exp(^AV+2 A SA J' ( 6 - 61 ) 
where A = (Ai, A 2 , X^) T G K 3 and S denotes idempotent expectation with respect to II. By ((6.42(1 . 
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(I5~33fl . (UTTl) . and (1511) 

/3 



^4^ + ^./.^.),, 

o 

3 2 ^ ^ 

Z p = d -L + ^J(l- e< s -^)e- cs ^P ds + Vcj VTsM 2) ds. 



On noting that by and (EHi]) H x = Hp + 6 - s) ds + y/c fp VT^l wP ds, WO) and 

are independent, we can write using Lemma |A, 41 



S exp ( ( 1 _ ^ 2 _ p - Ax - A 3 ) y/te-fr J e^ 2 ^] 1 ) + A 3V ^ / e^^P ds 



o o 

1 p 



Sexp(-AiVc J VT^s WP ds) Sexp(A 3 \/c J \fW s WP ds). (6.62) 

Lemma |A , 41 also yields 



p o 



P 



Sexp(^ / ( ( _ *° _ - ^ - A3) e^ 2 "* + A 3 e~-/ 2 ) j 1 ) ds 







1 - c(l - 0) 

P 



(6.63) 



ex P 7T 



c /■// A 



2 



2 7 Ul-c(l-/3) 



A 1 -A 3 )e-/ 2 -^ + A 3 e- cs / 2 ) 2 d S ), 







1 

v2 



S exp(— Ai Vc J Vl^~sWP ds) = exp ( — - / (1 — s) ds^j , (6.64) 

P P 
P 2 P 

Sexp(A 3v ^ J ^ffM 2) ds) = exp(^ J q s ds). (6.65) 


Equality (151)1"]) follows on substituting (151)31) . (15131). and (151)51) into (151)21 and recalling (f57j) . □ 

Remark 6.4. Equality (|6.61|) admits also a direct proof by solving the variational problem on the 
left. 

7 The critical random graph 

In this section, we prove Theorem 12.41 so the notation of the theorem is adopted. We denote 

S t = S ln 2 /H}AJ nl/3 > = E [ n 2/3 tiAn , Qt = <2L„2/3ij An /™ 1/3 , S? = S [(nb n )yHiAn^ nl/3bn/3 ^ 
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&t = E Ur,h i2/3fiA„/ 6 n> and Qt = Qu nh i2/3 ( | Al ,/( nl/3& « /3 ) for t G M+, and introduce processes 



\{nb n ) 2 !H\hni ™ ^* L("M 2/3 *J An' 

5" = (S?, t G R+), £ n = t G R+), Q n = (Qt, t G R+), S n = (S?, t G R+), £™ = (£?, t G 
R+), and Q n = (Q? , t G R+). Let stochastic processes S = (St, t G R+) and E = (Et, t G R+) be 
denned by the respective equalities St = Wt+6t— t 2 /2 and £^ = iVr* ^ ds . Let idempotent processes 

5 = (St, t G R + ) and £ = (£ t , f G R+J be defined by the respective equalities 5* = W t + & - t 2 /2 
and ^ = iV pn{S) p dpi wnere W = (W*) * G ^+) an d ^ = (N t , t G R+) are independent Wiener 
and Poisson idempotent processes, respectively. The first assertion of part 1 of the next lemma is 
in the theme of Aldous (1997, eq. (31)). 

Lemma 7.1. 1. If n 1 / 3 (c n — 1) — > G R osn-> oo, then the (S n ,E n ) converge in distribution 
in B(R + ,R 2 ) as n -> oo to (S,E). If ^/n(c n -l)->ff£Rasn-> oo, i/ien the (jn(a n /n - 
1/2), S n ,E n ^ converge in distribution in lxD(R + ,l 2 ) to (a,S,E), where (S,E) correspond 
to 6 = and are independent of a. 

2. If (n 1 / 3 /b 2 / 3 )(c n -l)->9elflsn-t oo, then the (S n ,E n ) LD converge in distribution 
in D C (R+,R 2 ) at rate b 2 n to (S,E). If (^/ri/b n )(c n - 1) -> 6> G R as n -» oo, t/ien f/ie 
{(Vn/b n )(a n /n - 1/2), S n ,E n ) LD converge in distribution at rate b 2 in R x B C (R + ,R 2 ) 
to (&,S,E), where (S,E) correspond to 6 = 0, a is idempotent Gaussian with parameters 
(—0/2,1/2) and is independent of (S,E). 



Proof. We begin with the proof of part 1. By (jzT 

|n 2 / 3 ijAn/?i 2 / 3 |n 2/3 *J An/n 2 / 3 

^ = Mr + n 1 / 3 (c„.-l) [n2/3 9 l Are -c n / ^rU-4k / (7-1) 



fl^/3 J 77,2/3 77^/3 



where 

L^/^jAnn-Q^^Ci-l) 



E E C7.2) 

4=1 j = l 

Let , t G R+, denote the u-algebras generated by the Q, i = 1,2, ... , [n 2 / 3 tj An, j G N, 
completed with sets of P-measure zero. Then M" = (M™, i G R+) is a square- integrable martingale 
relative to the filtration F n = (J- J 1 , t G R+) with predictable quadratic characteristic 

|n 2/3 *jA" 

^)^ = 473-( 1 --) E -(<-!))• (73) 



i=l 



By Lemma 16.11 (M n )+ — > t as n — ► oo. The predictable measure of jumps of M n is given by 



fc=o 

where 



L« 2 / 3 tjA«-l 

* n ([<M],r) = £ Wi_^__ r \ {o}), r g s(R), 

V 77 77 / 



F"( S , r') = p(-^ - ^) g r'), , g r + , r' g b(R). 
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Therefore, for e > and n large enough 



12 id*] > e ) r{ds, d X )<^ J n 4 pn i 1 - ^ - dx ) - (2c " + 3c2n)t 



X 

- < ■- 

k=l 



n 



2/3 £ 2 



which converges to as n — > oo. Consequently, by Liptser and Shiryaev (1989, Theorem 7.1.4) 
the processes M n converge in distribution in B(R + ,R) to the process W as n — > oo. Hence, the 
processes S' n = (S' t n , t G R+), where 

|ra 2 / 3 ijAn/n 2 / 3 

^_* + B vV-i)i2?^-,. / i^i ds , 



converge in distribution to the process S. 

Let i n = (I™, i G R + ) be defined by I? = e" n 2/3 t j An /"- 1/3 - According to (JUJ) and (tTTll . 

Q n = ft(S n + i n ). (7.4) 



Besides, by Lemma l3~Tl 



~ p 

sup |e^| — > as n — > oo. (7.5) 



Since the difference S^ n — is non-negative and non-decreasing in t, it follows by (|7,4j) that the 
values of the process Q n are not greater than the corresponding values of the reflection of S' n + e n . 
On using that the sup rg [ 0i t]|S^ n | are asymptotically bounded in probability and that (|7.5f) holds, we 
conclude that the sup sg r 0]t ] Qs are asymptotically bounded in probability, so the right-most term 
of (|7.1|) tends in probability to uniformly over bounded intervals as n — > oo implying that the S n 
converge in distribution to S. 
Next, according to (|2.12|) 

InVHjAnQf-i-l 

% = E E Cj,teR + . (7.6) 
t=i j=i 

Given a sequence x n , n G N, of elements of B(R + ,R), let 

[n»/»t|An L" 1/3 ^( xn )( i -l)/„V3J- 1 

^ n = E E C",iGM + . 

i=i j=i 

The -E /n = (E' t n , t G R + ) are jump processes with F ra -predictable measures of jumps i)' n ([0, t],T) = 

Ei£ /3tjAn_1 ^' n (^(x") 4/n2/3 ,r \ {0}), r G S(R), where F'"(y, T') = PtE^" 1 Cy e T), P* G 
B(R). Theorem VII. 3. 7 in Jacod and Shiryaev (1987) implies that if x n — ► x as n — * oo in B(R + , R), 
then the sequence E' n , n G N, converges in distribution in B(R + , R) to a compound Poisson process 
with compensator J" * 7£(x) s ds. On noting that, in view of independence of S n and the Qp (|7.4|) 
and (|7.6[) . the are distributed according to the regular conditional distributions of E n given 
that S n + l n = x n , we conclude by (f7T5|) . and (f7!)|) that the (S n ,E n ) jointly converge in 

distribution in B(R+,R 2 ) to (S,E) as n — > oo. The first assertion of part 1 has been proved. 
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For the second assertion, let in analogy with (jtj.lj) for 77 > 

\nt\ n-\nq {i _ 1)/n \-{i-X) 

m^=^m y: y: (^-^).*e[o,i], (7.7) 

i=\nr)\+l j=l 

and Q n ' ,? = (Q t ,r> , i G [0, 1]) be defined in analogy with ()6.3|) by the condition that it is the reflection 
of the process J" *(c n (l — Qs ,v — s) — l) ds + M™ ,v , i.e., Q™ ,v > and 

t 

Q?" = [ (c n (l - Qfc* - s )-l)ds + Mr + (7-8) 



where $ n '" = (4>™' ,? , i G [0,1]) is non-decreasing with fy* = jj 1(Q™' ,? = 0)d4>™'' 7 . (For existence 
of Q n '' ? , one can first prove that a solution exists between the jumps of M n,ri by using the method 
of successive approximations and making use of Lipshitz continuity of the reflection mapping and 
Gronwall's inequality, and then account for the jumps by introducing, if necessary, jumps in <!> n '' ? . 
Strong uniqueness for Q n ' ri follows by Lipshitz continuity of the reflection mapping and Gronwall's 
inequality too.) By IjB.ljl . (j7.7j) and the convergence of the Q to q (Lemma 16. 1J1 for 77 > 

limlimsupP( sup \fn\M™ ,n — > fj) = 0, 
ry-*0 rwoo te[o,i] 

which implies by (|7.8|) . Lemma l3.11 Lipshitz continuity of the reflection mapping, and Gron- 

wall's inequality that 

lim limsupP( sup \fn\Q™ ,r) — Q t \ > fj) = 0, 

r)^0 n^oo te[0,l] 

and consequently 

limlimsupP( v / ^|$i' r7 > v) = °- ( 7 - 9 ) 

V~ *0 n— >oo 

Since is independent of the i = 1, 2, . . . , [nryj , j G N, and Q, i G N, j G N, and the (S?, E?) 
are measurable functions of i = 1, 2, . . . , [n 2//3 tj An, j G N, and Q, i = 1, 2, . . . , [n 2//3 t] An, j G 
N, it follows that $1 and finite-dimensional distributions of the (S n ,E n ) are independent for all 
large n, which yields by (|7.9|) the asymptotic independence of y/n($>± — c/> 1 ) and finite-dimensional 
distributions of the (S n ,E n ). The proof of part 1 is over. 

The proof of part 2 is similar. In analogy with (|7.1|) and l)7.2j) 

L(nfe„) 2 / 3 ijAn/(nb, l ) 2 / 3 

nV3 I (n6 n ) 2 / 3 tj A n " / L(^n) 2/3 s| 



{nbnY^ J {nb n yi i 





L(n6 n ) 2 / 3 tjAn/(n6 n ) 2 / 3 



6. 



2/3 



nV3 





1 Q"d S , (7.10) 



where 



*? = ^ E E (<5-£)- p.") 
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i=l 



Let Jf , rj G R + , denote the cr-algebras generated by the ffi, Q, * = 1, 2, , L(«^n) 2//3 *J An, j € N, 

completed with sets of P-measure zero. Then M" = (M™, i € R+) is a square- integrable martingale 
relative to the filtration F n = (^FJ 1 , t £ R_|_) with predictable quadratic characteristic 

L(n6„) 2/3 *jAn 

and predictable measure of jumps 

z n ([o,t},T)= V F»(i-^--r\{ }),reB(i), (7.13) 

k=0 

where 

i>( S , r') = p(— _ - ^) € T'), a € R + , r' e 0(R). (7.14) 

By Q7.12JI and the first super-exponential convergence in probability in Lemma 16.31 fo 2 (M n )+ p ^ n f 
as n — > oo. Next, in analogy with (|6,50|) it is established that 

t 

hn^P^y J e Xb2M l(b 2 n \x\ > e)v n {ds ) dx) > n = 0, A > 0, e > 0, 77 > 0, t > 0. 

"or 

By Corollary 4.3.13 in Puhalskii (2001) we thus have that the M n LD converge in D(R + ,R) at rate 
b 2 n to the idempotent process W as n — > 00. Since in analogy with (|7.4|) Q n = lZ(S n + e n ), where 



n 



pi/t 2 



and sup tgR+ |ef| — > as n — > 00 by Lemma 13. 11 we conclude by an argument replicating the one 
used in the first part of the proof that the S n LD converge to S. Finally, a "conditional" argument 
modelled on those used in the proofs of part 1 and Corollary 14.11 shows that (S n ,E n ) —* (S,E) 

in B(R+,R 2 ). Convergence in B C (R+,R 2 ) follows by continuity of (S,E) and (S n ,E n ) being a 
random element of D(7(R + ,R 2 ). The proof of the second assertion of part 2 is similar to the proof 
of the second assertion of part 1. □ 

Proof of Theorem \2.4\ We begin with part 1, so we assume that n 1/3 (c n - 1) -> 9. The below 
reasoning repeatedly invokes the property that for almost every trajectory of S the process T(S) is 
increasing in arbitrarily small neighbourhoods to the left of the initial point and to the right of the 
terminal point of an excursion of 1Z(S); equivalently, the value of S at the initial point is strictly 
less than at any point to its left and the infimum of the values of S in an arbitrary neighbourhood 
to the right of the terminal point is strictly less than the value of S at the terminal point. (The 
stated property can be proved by using the decomposition of the Wiener process into excursions, 
see, e.g., Ikeda and Watanabe (1989).) 

We denote f7" = f/"/n 2 / 3 and Rf = Rf/n 2 / 3 . Given intervals and [rj,rj, where < 

Ua < Hj and < r 4 < fj for i = 1, ... , m, let B denote the event that there exist m connected 
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components of Q{n, c n /n) of sizes in the intervals [n 2//3 «j, n 2 ^ 3 Ui] for i = 1,2, ... ,m and the numbers 
of the excess edges of these components belong to the respective intervals [n 2 ^ 3 ^, n 2 l 3 r,i\. Let Bt 
for T > denote the set of functions (x,y) G B(M + ,IR 2 ) with xo = 0, yo = 0, and y non-decreasing 
such that there exist non-overlapping intervals with t{ — Si G and U < T for which 

TZ(x) Si = TZ(x) u = 0, T(x) ti _ = T(x) Si , and y u - y Sl G [r^r^ for i = 1,2..., m. Since the 
connected components of Q{n,c n /n) correspond to excursions of Q n and may occur either before 
time T or after it, we have W C {(S n + l n ,E n ) G B T } U {sup t > T (5f + e£ - SJL fl - !£_„) > 0} 
for 77 G (0,T A mini = i ! 2,...,mMi)- Since the set and its closure (in D(M + ,]R 2 )) have the same 
intersection with C(JR+,M 2 ), Lemma 17. II implies that 

limsupP(5") <P((S,E) £B T ) +limsupP(sup(S t n + I"-^%-^_ r; ) >0). (7.16) 

n— »oo n-^oo t>T 



We show that 



lim limsup P(sup(5f + 1? - 4% ~ > °) = °- ( 7 - 17 ) 



By (|7.1f) . (|7.3j) . (|2.7|1 . and Doob's inequality for all n and T large enough 
P(sup(5r + e 7-5,%-e7_ r ,)>0) 

t>T 

oo 

< ^ P( sup (M* - M™ + eT - !£_„) > c^T + (k — l)r/) - 2r ? n 1 / 3 |c n - 1|) 

fe=0 te[T+fc»y,T+(fc+l)^ 
oo 

o/'o t\ nZrn iC/rn I i L 

fc T+(fc-l)r;+s fc T+(A;-l)r?l 



< £p(2 sup (|M£ +(fc _ 1)r?+s - M£ +(fc „ 1)r) | + |^ +(fc _i)^ " % 



fc=0 



+ sup (|M£ +fe??+s - M£ +kv \ + & +kr)+s - ~% +kv \) > c nV (T + (k - 1)t/) - 2r ? n 1 / 3 |c n - 1|) 
se[0,r?] 



c„t/ 2r/ 



^V/ 3 I 



fc=-i 

oo 



,•610,7?] ' 3 



^ P( sup (|M? +(fc+1) ^ s -M^ +(fe+1) ^|+|e^ +(fc+1) ^ s -^ +(fc+1) J) > ^(T+Zcr/)-^ 1 ^ 



4E((M") T+(fe+1)7? - <M") T+fej7 ) + E sup & +kr)+s - 



2 



<2V , *1 , 



^(r + fc7/)-|nV3| Cn _i 
4E((M n ) T+ik+2)v - (M n ) T+(k+1)r] ) +E sup |e£ +(fc+1)r?+s - e^ +{fc+1) ^| 2 

s6[0,r?] 



(^(T + ^)-|ni/3| Cn -l|) 



2 



8c„77 + ((1 + c n f + c n )n- 2 / 3 ~ 12 2 (16t/ + 1) 



^— ' /C n 7/ - . 277 , ,„. A 2 fT -I- £-r?^ 2 r? 2 



The latter sum converges to as T — > oo, so (|7,17() follows. 

Denoting B = \Jt>qBt we deduce from (|7.16j) and (|7.17|) that limsup n _ >oc P 
P((S,E) G -B). By the cited property, for almost all u G Q any interval such that 

lZ(S) s (u>) = lZ(S)t(iL>) = and T(S) s (u>) = T(S)t{oj) is an excursion of 1Z(S){uj). Therefore, 
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P((5*, E) G B) = -P[[« i ,« i ],[r i ,rJ}^ 1 ) where P{\u i ,u i ],[r l ,r i ]} n }_ 1 denotes the probability that there exist 
m excursions of 7*1.(5) = X with lengths in the respective intervals [uj,^] and the increments of E 
over these excursions belong to the respective intervals Hence, 

limsupP(S n ) < P^UiUn,^}^ ■ ( 7 - 19 ) 

n^oo 

o 

Next, let B n denote the event that there exist m connected components of Q(n,c n /n) of sizes 
in the segments (n 2//3 Uj, n 2 / 3 Ui) for i = 1,2, ... ,m and the numbers of the excess edges of these 

components belong to the respective segments (n 2//3 rj, n 2//3 Fj). Let B denote the set of functions 
(x, y) G ID(IR+,R 2 ) for which there exist disjoint intervals [sj,ij] with ti — Si G {ui,Ui) such that 
x St = x ti < inf pe [ 0) ( s ._^+] x p and x u > M pe [ t . jt . +V ] x p for arbitrary r] > 0, x p > x Si for p G (s^ij), 

o 

and y^ — y Si G (r^Ti) for i = 1, 2 . . . ,m. Since continuous functions from B are interior points of 

B and {(S n + I n , E n ) efijc £ n , by LemmaQlim inf„^~ P(B n ) > P((5, E)eB). If a sample 
event cj G is such that AT (a;) has m excursions of lengths in the respective segments (u.i,Tii) and 
the increments of E(oj) over these excursions belong to the respective segments (r^r^), then by the 

cited property (X(uj),E(uj)) G B with probability 1. Therefore, denoting the probability of the set 
of these u> as P{( Ui ,u l ),(r i ,r i )} n }_ 1 J we deduce that 

hminfP(/>) > P^Un^m,- (7-20) 

The asserted in part 1 of the theorem convergence of (U n ,R n ) follows by (|7.19j) . 1)7.20(1 . and the 
observation that the right-hand sides of these inequalities coincide. The assertion of the theorem 
for the case \fn{c n — 1) — > 9 follows by a similar argument with the use of part 1 of Theorem 12.21 
and the second assertion of part 1 of Lemma 17.11 

The proof of part 2 is obtained by combining the approaches of the proofs of part 1 and 
Theorem 12.11 We firstly note that the action functional I s ' E (x, y) associated with (S,E) is of 
the form I s > E (x, y) = J °°(x t - 9 + t) 2 dt/2 + J* °° Tr(y t /K(x) t ) Tl(x)t dt if x and y are absolutely 
continuous with xo = yo = and y non-decreasing, and I ' E (x, y) = oo otherwise. Then the 
proof is carried out along the lines of the proof of Theorem 12.11 where the proof of an analogue of 
Lemma 15.11 uses parts 2 of Lemmas 13.31 and 13.41 instead of respective parts 1 of these lemmas. In 
addition, the proof of an analogue of (|5.1|) . as in the argument just given, uses the convergence 

lim limsupP(sup(Sf + e£ - - ^ ) > 0) 1/fe " = 0, rj > 0. (7.21) 

T^oo n ^oo t>T 

We omit most of the details and only show the latter. Arguing as in (|7.18|) 

p(su P (sr + 67 - 4% - > o) 1/bl 



t>T 



oo 



< ^ p( sup (\M? +kri+s - M^ +kr) \ + \% +kv+s - e n T+kll \) > ^(T + k V ) - ^^|c n - 1|) V "' 

fc= _ 1 V se[0,r?] <* 6 brl 



sup (|M^ + ( fc+1) ^ +s -M^ + ( fc+1 ^|+|e^ + ( fc+1)r)+s -e^ + ( fc+1)j) |) > — (T+k-rf) — -^-|c n -l 



c n r] lrn i 7 2rj n 

\\ m T+{k+l)r l +s~ lvl T+( y k+l)r l \^\ t T+{k+l)r l +s~ t T+{k+iyq\) > 
fc=_l se[0,7j] - u n 

2 

< f^sup(Eexp((-l) i 6 2 (M^-Mf))) 1/fe " + (su P Eexp(6 2 sup \e? +s - e?f ' ' 
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E-p(-(T (t+ ^ ) -^ |c "- 11 ))- ^ 

fc=-l ' °« 



Let £t(X), t £ R + , A £ 1, denote the stochastic exponential of M n so that by (f?~T3|) and (fTTIj) 

L(n&„) 2/3 *jAn-l 

l„ g W,= n lo gE e Xp (^( ffl -^)) E (1-5. -t 
Hence, for f G K + and n large enough, 

^.ogEexp^t^-M,")) < ^Igs^k.B-p^^-i 

so since log E exp(±2&n / ' 3 (£™ 1 — c n /n) /n 1 / 3 ) is asymptotically equivalent to 2c n bn 3 /n 5//3 as n — » oo, 
we conclude that 

limsup sup (Eexp(±fe2(M t « f - M"))V & " < e 2,? . (7.23) 
Also by and the definition of in ||TT5|) 

limsup sup (Eexp(6 2 sup \e" +s - e™])) 1 ^" < 1. (7.24) 

Limit (EZD follows by (|7^|) . (17^31 . (THM]) . and the convergence (n 1 / 3 /?) 2 / 3 ) (c„ - 1) -> 0. □ 

Corollary 12 . 51 follows by the contraction principle, in particular, part 2 is proved in analogy with 
part 2 of Corollary 12.41 (Note that in the expression for I? the role of K c (u) and L c (u) are played 

6 

by the functions — w 3 /24 and ((u — (9) 3 + 3 ) /6, respectively, and an analogue of Lemma 13.21 holds 
with 2(0 — u) as u* .) 
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his attention the papers by Barraez, Boucheron, and Fernandez de la Vega (2000) and by Bollobas, 
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A Summary of idempotent probability 

This appendix relates some facts of idempotent probability theory. More detailed exposition is 
given in Puhalskii (2001). 

Let T be a set. A function II from the power set of T to [0, 1] is called an idempotent prob- 
ability if II(r) = sup„ gr II({u}), r C T and II(T) = 1. If in addition, T is a metric space and 
the sets {v G T : U(v) > a} are compact for all a £ (0, 1], then II is called a deviability. Ob- 
viously, II is a deviability if and only if I(v) = — logII({i>}) is an action functional. Below, we 
denote 11(f) = II({t>}) and assume unless mentioned otherwise that II is an idempotent proba- 
bility on T. A property V(v), v € T, pertaining to the elements of T is said to hold II-a.e. if 
H(V(v ) does not hold) = 0. A T-algebra on T is defined as a subset of the power set of T for which 
there exists a partitioning of T into disjoint sets such that every element of A is a union of the 
elements of the partitioning. We call the elements of the partitioning the atoms of A and denote 
as [v] the atom containing v. The power set of T is called the discrete T-algebra. A r-algebra A 
is called complete (or II-complete, or complete with respect to II if idempotent probability needs 
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to be specified) if each one-point set {v} with H(v) = is an atom of A; the completion (or the 
II-completion, or the completion with respect to II if idempotent probability needs to be specified) 
of a r-algebra A is defined as the r-algebra obtained by taking as the atoms the points of idempo- 
tent probability and set-differences of the atoms of A and sets of idempotent probability 0; the 
completion of a r-algebra is a complete r-algebra. If T' is another set equipped with idempotent 
probability II' and r-algebra A', then the product idempotent probability II x II' on T x T' is 
defined by (II x H')(v,v') = Il(v)Il'(v') for (v,v') £ T x T', the product r-algebra A® A' is 
defined as having the atoms [v] x [v 1 ], where v € T and v' £ T'. 

A function / from a set T equipped with idempotent probability II to a set T' is called 
an idempotent variable. If T and T' are equipped with r-algebras A and A', respectively, the 
idempotent variable / is said to be „4/.A'-measurable, or simply measurable if the r-algebras 
are understood, if /~ 1 ([v']) £ A for any v' £ T'. We say that / is „4-measurable if it is mea- 
surable for the discrete r-algebra on T'. The r-algebra of T generated by / is defined by the 
atoms {v £ T : f(v) = v'}, v' £ T'. The idempotent variable / is thus „4-measurable if 
{v £ T : f(v) = v'} £ A for all v' £ T'. As in probability theory, we routinely omit the 
argument v in the notation for an idempotent variable. The idempotent distribution of an idem- 
potent variable / is defined as the set function II o / _1 (r) = II(/ £ F), T C T'; it is also called the 
image of II under /. If T is a metric space, II is a deviability on T, and / is a continuous mapping 
from T to a metric space T', then II o / _1 is a deviability on T'. In particular, if T' C T with 
induced metric and II(T\T') = 0, then the restriction II |x' of II to T' defined by n|-p (v) = 11(f) 
for v £ T' is a deviability on T'. In general, / is said to be Luzin if II o f^ 1 is a deviability on T'. 

Subsets A and A' of T are said to be independent if H(A n A') = Il(A)Il(A'); r-algebras A 
and A' are said to be independent if events A and A' are independent for any A £ A and A' £ A'; 
T'- valued idempotent variables / and /' are said to be independent if II (/ = v ', /' = v ") = II (/ = 
v')Yl(f = v") for all v',v" £ T'. An idempotent variable / and a r-algebra A are said to be 
independent (or / to be independent of -4) if the r-algebra generated by / and A are independent. 
If / is R + -valued, the idempotent expectation of / is defined by Sf = sup^g-,- f(v)H(v), it is 
also denoted as Sn/ if the reference idempotent probability needs to be indicated. The following 
analogue of the Markov inequality holds: II(/ > a) < Sf /a, where a > 0. If M + -valued idempotent 
variables / and /' are independent, then S(ff') = S/S/'. An M + -valued idempotent variable / 
is said to be maximable if lim^oo S(/l(/ > b)) = 0. A collection f a of M + -valued idempotent 
variables is called uniformly maximable if lim&^oo sup Q S(/ a l(/ a > b)) = 0. The conditional 
idempotent expectation of an R + -valued idempotent variable / given a r-algebra A is defined as 

sup/ ^T^nr ifn (N)>o, 

v'e[v] LL \[ V \) 

f(v), ifn(H) = o, 

where f'(v) is an R+-valued function constant on the atoms of A. Conditional idempotent expecta- 
tion is thus specified II-a.e. It has many of the properties of conditional expectation, in particular, 
S(/|-4) is ^l-measurable, if / is ^.-measurable then S(/|>4) = / II-a.e., and if / and A are indepen- 
dent then S(/|.A) = Sf U-a.e., Puhalskii (2001, Lemma 1.6.21). If for an Revalued idempotent 
variable / the conditional idempotent expectation S(exp(A T f)\A) is II-a.e. constant on T for all 
A £ R d and is an essentially smooth function of A, then / and A are independent, Puhalskii (2001, 
Corollary 1.11.9). 

An IR d - valued idempotent variable / on (T,II) is said to be Gaussian with parameters (m, £), 
where m £ M rf and E is a positive semi-definite d x d matrix, if S exp(A T /) = exp(A T m + A T SA/2) 
for all A £ R d . Equivalently, II(/ = z) = exp(— (z — m) T T 1 ®{z — m)/2) \iz — m belongs to the range 



S{f\A){v) = 
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of £ and II(/ = z) = otherwise, where S® denotes the pseudo-inverse of £, Puhalskii (2001, 
Lemma 1.11.12). 

A flow of r-algebras, or a r-flow, on T is defined as a collection A = (At, t £ R + ) of r-algebras 
on T such that A s C At for s <t; the latter condition is equivalent to the atoms of A s being unions 
of the atoms of At- A r-flow is called complete if it consists of complete r-algebras, the completion 
of a r-flow is obtained by completing its r-algebras; the completion of a r-flow is a complete r-flow. 
An idempotent variable a : T — > R + is called an idempotent A-stopping time, or a stopping time 
relative to A, if {v : a(v) = t} £ At for t £ R+. Given a r-flow A and an idempotent A-stopping 
time a, we define A a as the r-algebra with atoms If T = C(IR + , ffi.^), the canonical r- 

flow is the r-flow C = (Ct, t 6 R+) with the Ct having the atoms p^ 1 x, x £ C(R + ,R d ), where 
p t : C(R + ,R d ) -> C(R+,lR fl! ) is defined by (p t x) s = x sAt , s G R+. 

A collection (Xt, t £ R+) of Revalued idempotent variables on T is called an idempotent 
process. The functions (X t (v), t 6 R+) for various v £ T are called trajectories (or paths) of X. An 
idempotent process (X t , t £ R + ) is said to be A-adapted if the X t are ^-measurable for t £ R + . If 
(X t , t £ R + ) is A-adapted with unbounded above continuous paths, then a = inf{i £ R + : X t > a}, 
where a £ R, is an idempotent A-stopping time, Puhalskii (2001, Lemma 2.2.18). If T = C(R+,R d ), 
the canonical idempotent process is defined by X t (x) = x t . An A-adapted R + -valued idempotent 
process M = (M t , t £ R + ) is said to be an A-exponential maxingale, or an exponential maxingale 
relative to A, if the M t are maximable and S(M t \A s ) = M s II-a.e. for s < t. If, in addition, 
the collection Mt, t £ R + , is uniformly maximable, then M is said to be a uniformly maximable 
exponential maxingale. An A-adapted R + -valued idempotent process M = (M t , t £ R + ) is called 
an A-local exponential maxingale, or a local exponential maxingale relative to A, if there exists 
a sequence r n of idempotent A-stopping times such that r n f oo as n — > oo and the stopped 
idempotent processes (M t /\ Tn , t £ R + ) are uniformly maximable A-exponential maxingales. 

Lemma A.l. Let M = (Mt, t £ R + ) be an exponential maxingale relative to a T-flow A = (At, t £ 
R + ) and at, t £ R+, be a collection of bounded idempotent A-stopping times such that o~ s < at for 
s < t. Then the idempotent process (M at , t £ R + ) is an exponential maxingale relative to the r-flow 
(A at ,t£R + ). 

Proof By Corollary 2.3.10 in Puhalskii (2001), S(M at \A as ) = M as II-a.e. for s < t. Each M at 
is maximable since by the boundedness of at there exists T > at, so M at = S(MT\A at ), which is 
maximable by maximability of Mr, inclusion A at C At, and Lemma 1.6.21 in Puhalskii (2001). □ 

Given an R-valued function G = (G t (A;x), t £ R + , x £ C(R+,R), A £ R), where G t (A;x) is 
Cf-measurable in x, we say that a deviability II on C(R+,R) solves the maxingale problem (x, G), 
where x £ R, if Xq = x II-a.e. and (exp(AA^ — Gt(X;X)), t £ R + ) is a C-local exponential 
maxingale under II, where X = (X t , t £ R + ) is the canonical idempotent process on C(R + ,R). 
We have the following lemma. 

Lemma A. 2. Let II solve the maxingale problem (x,G). If the function (Gt(A;x), t £ R+, x £ 
C(R+,R)) is bounded in (t,x) for all A £ R, then the process (exp(XXt — Gt(X; X)), t £ R + ) is a 
C-uniformly maximable exponential maxingale under II. 

Proof Let M t (\) = exp(XX t - G t (X;X)). By Lemma 2.3.13(3) in Puhalskii (2001) it is enough 
to prove that the collection (M t (X), t £ R + ) is uniformly maximable. The definition of a lo- 
cal exponential maxingale and Lemma 1.6.22 in Puhalskii (2001) imply that SuM t (2X) < 1. 
Therefore, denoting by b an upper bound for (exp(— 2G((A; x)), t £ R+, x £ C(R+,R)) and 
(exp(Gi(2A;x)), t £ R + , x £ C(R + ,R)), we have 

S n Mt(X) 2 = Sn{M t (2X)ex P (Gt(2X;X))eM-2Gt(X;X))) < b 2 . 
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The uniform maximability now follows by Corollary 1.4.15 in Puhalskii (2001). □ 

Lemma A. 3. Let (Mt, t £ R + ) and (M[, t £ R + ) be exponential maxingales on (T, II) and 
(T',11'), respectively, relative to the respective r-flows (At, t £ R+) and (A' t , t £ R+)- Then 
(M t Ml, t £ R + ) is an exponential maxingale on (T x T', II x II') relative to the T-flow (At®A[, t £ 
R+). 

Proof. By Puhalskii (2001, Lemma 1.6.28), S U xw(M t Ml\A s ®A' S ) = S n (M t | A S )S W (Ml\A' s ) U x 
Il'-a.e. for s < t. Maximability of (M t M t ', t £ R+) under II x II' is obvious. □ 

Poisson idempotent probability (or Poisson deviability) is a deviability on C(R + ,R) defined by 



n"(x) = I 



OO 

exp^— J vr(x t ) dij if x is absolutely continuous and non-decreasing, 



and xo = 0, 
otherwise. 



A Poisson idempotent process on (T, II) is defined as an idempotent process with idempotent 
distribution II ^ Thus, a Poisson idempotent process has absolutely continuous non-decreasing 
trajectories LI-a.e. The definition implies that the canonical idempotent process on C(R+,R) is 
Poisson under 11^. If iV is a Poisson idempotent process on (T,II), then the idempotent process 
M N (X) = (M t N (X), t £ R+) defined by M t JV (A) = exp(XN t - (e A - l)t) is an exponential maxingale 
relative to the r-flow (A^ , t £ R+), where the A^ are the r-algebras generated by the N s , s < t 
Puhalskii (2001, Theorem 2.4.16). We say that a continuous-path idempotent process N is Poisson 
relative to a r-flow A if iVo = and the idempotent process M N (X) is an A-exponential maxingale 
for all A £ 1, If N is idempotent Poisson relative to A, then it is idempotent Poisson, Puhalskii 
(2001, Corollary 2.4.19). 

Wiener idempotent probability (or Wiener deviability) is a deviability on C(R + ,M) defined by 



11*7x1 



exp^— i J xf dtj if x is absolutely continuous and xq = 0, 



otherwise. 

A Wiener idempotent process on (T,II) is defined as an idempotent process with idempotent 
distribution Yl w . Thus, a Wiener idempotent process has II-a.e. absolutely continuous paths. The 
definition implies that the canonical idempotent process on C(R+,R) is Wiener under Yl w . 

Let W = (Wt, t £ R + ) be a Wiener idempotent process on (T, II). Then the idempotent process 
(exp(AWt — X 2 t/2), t £ R + ) is an exponential maxingale relative to the flow A w = (AY , t £ R+), 
where the AY are the r-algebras generated by W s , s <t, Puhalskii (2001, Theorem 2.4.2). We say 
that a continuous-path idempotent process W is Wiener relative to a r-flow A if Wq = and the 
idempotent process (exp(AWf — X 2 t/2), t £ R + ) is an A-exponential maxingale for all A £ R. If W 
is idempotent Wiener relative to A, then it is idempotent Wiener, Puhalskii (2001, Corollary 2.4.6). 
In particular, Wt — W s for t > s is independent of A s by the fact that S(exp(A(M / ( — Ws))|^4 s ) = 
exp(A 2 (i — s)/2), which is a smooth function of A. 

Given a bounded R- valued idempotent process at, t £ R + , we define the idempotent Ito integral 
(a o W) t by 



( t 



(aoW)t(v) = { 



J a s (v)W s (v)ds if U(v) > 0, 
o 

Y(v) otherwise , 
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where Y(v) is an R- valued idempotent variable and W s (v) denotes the Radon-Nikodym derivative 
in s of the Wiener idempotent trajectory. The integral is thus specified uniquely II-a.e. The 
idempotent process ((aoW)t, t G R + ) has II-a.e. continuous paths. If (Wt, t G R+) and (at, t G 
R+) are adapted to a complete r-flow A, then ((a o W)t, t G R+) is A-adapted. For clarity, we 
further use J a s W s ds for (a o W)t- In the next lemma, a p W p dp = L a p l(r G [s, i])Wp dp. 

Lemma A. 4. Let a s , s G R+ be an M-valued bounded Lebesgue-measurable function and W = 
(Wt, t G R+) be a Wiener idempotent process on (T,II) relative to a complete T-flow A. Then 
the idempotent process M = (M t , t G R+), where M t = exp(A J Q a s W s ds — A 2 J Q a 2 s ds/2), is an 
A- exponential maxingale. In particular, J a p W p dp is independent of A s for s <t. 

Proof. The idempotent process M is A-adapted by Mt being constant on the atoms of At for 
t G R+, cf., Puhalskii (2001, Lemma 2.2.17). If the function a s , s G R+, is piecewise constant, the 
maxingale property follows by the properties of conditional idempotent expectations in a standard 
manner. A limit argument shows that this property carries over to continuous a s , s G R+. The 
case of a Lebesgue measurable a s , s G R+, follows via Luzin's theorem. Maximability of the Mt 
follows by Lemma IA.2I Finally, J* a p W p dp is independent of A s for s < t since by the maxingale 

property S(exp(A f^a p W p dp)\A s ) = exp((A 2 /2) a p dp), where the latter is a smooth function of 
A. ■ » ■ - n 

Let a t (x), x G R, t G R+, and b t (x), x G R, t G R + , be real- valued functions, which are 
continuous in x and Lebesgue-measurable in t. Let If be a Wiener idempotent process on an 
idempotent probability space (T,II) relative to a complete r-flow A and let C t for t G M+ denote 
the completion of Ct with respect to the Wiener deviability on C(R+, R). We say that, given x G R, 
an idempotent process X on (T,II) is a strong solution to the Ito idempotent equation 

t t 

X t = x + J b s (X s ) ds + j a s (X s ) W s ds, t G R+, (A.l) 



where integrals are understood as Lebesgue integrals, if equality (|A.1|) holds II-a.e. and there 
exists a function J : C(R+,R) — * C(R+,R), which is C t /(^-measurable for every t G R+, such 
that X = J(W) II-a.e. As a consequence, X is A-adapted. A strong solution is called Luzin if 
the function J is continuous in restriction to the sets {x G C(R+,R) : II^Jx) > a} for a G (0, 1]. 
We say that there exists a unique strong solution (respectively, Luzin strong solution) if any strong 
solution (respectively, Luzin strong solution) can be written as X = J(W) II-a.e. for the same 
function J. Let us assume that at(x) and bt(x) are locally Lipshitz-continuous in x, i.e., for every 
a > there exists an R + -valued Lebesgue-measurable in t function fc", t G R+, with J Q * ds < oo 
for t G R+ such that \bt(x) — b t (y)\ < kf\x — y\ and \at(x) — at(y)\ 2 < kf\x — y\ 2 if \x\ < a 
and \y\ < a, and satisfy the linear- growth condition that there exists an R + -valued Lebesgue- 
measurable function l t , t G R+, with f^l s ds < oo for t G R+ such that |&t(a;)| < k(l + |x|) and 
&t(x) 2 < ^t(l + l^l 2 ) f° r a; G R. Then (|A.1|) has a unique strong solution, which is also a Luzin 
strong solution, Puhalskii (2001, Theorems 2.6.21, 2.6.22 and 2.6.26). 

Let T be a metric space. A net 11^, tp G where VP is a directed set, of idempotent probabilities 
on T is said to converge weakly to idempotent probability II on T if lim^, g ^ S n ^/ = Sn/ for every 
non-negative bounded and continuous function / on T; equivalently, Puhalskii (2001, Theorem 
1.9.2), limsup^IT^F) < 11(F) for all closed sets F C T and liminf^ II* (G) > 11(G) for all 
open sets GcT. A net of idempotent variables with values in the same metric space is said to 
converge in idempotent distribution if their idempotent distributions weakly converge. One has 
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a continuous mapping theorem for convergence in idempotent distribution: if a net X^, ip 6 
of idempotent variables with values in T converges in idempotent distribution to an idempotent 
variable X with values in T and / is a continuous function from T to a metric space T', then the 
net f(X^), ijj £ converges in idempotent distribution to f(X). A net 11^, ip G ^, of deviabilities 
on T is said to be tight if inf^ e x limsup^ g4 , IT^(Y \ K) = 0, where K, denotes the collection of 
compact subsets of T. A tight net of deviabilities is weakly compact, i.e., it contains a subnet that 
converges weakly to a deviability, see Puhalskii (2001, Theorem 1.9.27) (if 11^ is a sequence, then 
it contains a weakly convergent subsequence). 
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